Fast inertial dynamics and algorithms

for solving monotone inclusions

Hedy ATTOUCH

Université Montpellier
Institut Montpelliérain Alexander Grothendieck, UMR CNRS 5149

Based on a work with P. Redont and J. Peypouquet

Journées annuelles 2017 des GAR MOA et MIA
Institut de Mathématiques de Bordeaux

17-20 Octobre 2017

H. ATTOUCH (Univ. Montpellier) Fast inertial dynamics



1. Inertial dynamic for max. monotone operators

H real Hilbert space, A : H — 2" maximal monotone operator.

Solve Ax 30
e A=00 < convex minimization.
o A= (0«L,—0,L) — convex-concave saddle value problem.
e A=/—-T — fixed point of nonexpansive operator.

Guideline: Dissipative dynamic systems, link with algorithms.
Heavy Ball with Friction: X(t) + yx(t) + A(x(t)) =0

o A=V, ® convex , d(x(t)) — min® = O(1) (Alvarez, 2000).
e A \-cocoercive, A\y2 > 1 = convergence, (A.-Maingé, 2011).

Asymptotic Vanishing Damping: X(t) + %X(t) + A(x(t)) =0

e A=V a>3 &(x(t)) —mind = O(t—12) (Su-Boyd-Candes, ’16).
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2a. Inertial approach to Nesterov accelerated method

Asymptotic Vanishing Damping, A = Vo, a > 3, (Su-Boyd-Candes, 2016).

(AVD),  X(t) + %)’((t) +VO(x(t)) =

Discretization: explicit /smooth ®.

1 a
_(Xk+1 — 2X) + Xk—l) + —(Xk — Xk_]_) + VCD(yk) =0.
h? kh?

Xk+1 = (Xk +(1-9) (- Xk—l)) — VO (y).

Classical choice (Nesterov): yx = xx + (1 — 7) (xk — xk—1), s = h?

(1G)a Yie =Xk + (1= %) (xk — xk—1);

Xk+1 = Yk — Svd)()’k)'
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2b. Inertial approach to Nesterov accelerated method.

min{®(x): x € H}, ¢ :H — R convex differentiable. J
Yo = xe+(1-%) 0% —x-1)
. t-1%)
Xkr1 = Yk — SVO(yk)
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2c. Inertial approach to Nesterov accelerated method

min {®(x) : x € H}, P convex, V& L-Lipschitz, S = argmin® # (. ]

Inertial Gradient algorithm, a@ > 0, s < %

Yo = xke+(1=%) Ok — xk-1)

(IG)a
Yk — sVO(yx)

Xk+1

o =3 P(xk) —miny ®=0 (%), (Nesterov, 1983).

o o >3: ®(x) — miny ® = 0(;), (A.-Peypouquet, SIOPT 2016).
xx — X € S, (Chambolle-Dossal, JOTA 2015).

o a < 3: O(xg)—miny ® = O( ) A .-Chbani-Riahi, Aujol-Dossal.
3
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2d. Inertial approach to Nesterov accelerated method

Rate of convergence of the values

®(x) —ming ® = O (5t57) . ple) = min (32,2)

H. ATTOUCH (Univ. Montpellier) Fast inertial dynamics



3. Inertial dynamics for cocoercive operators

A:H — H A-cocoercive (A > 0)
V(v,w) € H xH (Av—Aw,v —w) > \|Av — Aw|2. J

A A-cocoercive = A maximal monotone, %—Lipsehitz continuous.

Heavy ball with friction system, v > 0 damping coefficient.
(HBF) x(t) +yx(t) + A(x(t)) =0, t>0. J

Alvarez-A.: Lecture Notes in Math. (2000), A=1—T, A= %, v > 2.

Theorem (A.-Maingé, ESAIM-COCV 2011)

Suppose A : H — H maz. monotone, \-cocoercive, S = A~1(0) # 0, and
A2 > 1.

Then, for each solution x(-) of (HBF), x(t) =X € S as t — +o0.
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4a. Fast inertial dynamic for max. monotone operators

A H — 2" maximal monotone operator
Iy = (I + MA)~! resolvent of index A > 0 of A
Ay = 3(I —J\) Yosida regularization of A of index A > 0.

Fast Inertial Regularized SysTem
(FIRST)  X(t) + %x( )+ Axe(x(£) =0, >t >0,

Yosida regularization and (FIRST)

(/) Ay Lipschitz continuous = Well-posed Cauchy problem.
(i) A'(0) = A71(0) = Preservation of the solution set.
(iif) Ax A-cocoercive = A.-Maing¢ setting.

Tuning of t — A(t) > 0 in (FIRST)
M2 >1= At) (9)2 > 1.

t
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4b. Fast inertial dynamic for max. monotone operator

e A:H — 2" maximal monotone operator, S = A~1(0) # 0.
e A):H — H Yosida approximation of A of index A > 0.

(FIRST)  X(t) + %x( )+ Are(x(£) =0, >t >0,

x(+) solution trajectory of (FIRST).

Theorem (A.—Peypouquet 2017)
Suppose \(t) = (1—|—e) Le>% a>2.

Then, x(t) converges weakly, as t — 400, to an element of S.

Theorem (A.-Peypouquet-Redont, 2017)
Suppose A= 09, & € To(H), A(-) nondecreasing, a > 3.
Then, ®(p(t)) — miny ® = O(3), p(t) = proxypex(t)-
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4c. Fast inertial dynamic for max. monotone operator

e A:7H — 2" maximal monotone operator, S = A~1(0) # ().
e Ay :H — H Yosida approximation of A of index A > 0.

(FIRST) x(t) + %k(t) + Ay (x(t)) =0, t>ty>0. J

x(-) solution trajectory of (FIRST).
Theorem (A. —Peypouquet 2017)
Suppose \(t) = (1+e) T3, €> == 2, a > 2. Then,

(1) x(t) converges weakly, as t — 400, to an element of S.
(i) ()l = O(1/t), Ix(t)ll = O(1/¢?) and [, tl|x(2)|]* dt < +oco.

Proof: based on Opial’s Lemma and the convergence of h,(-), z € S,
ha(t) = 3lIx(t) — 2|
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4d. Fast inertial dynamic for max. monotone operator

Step 1: ha(t) + 2ha(t) + MOl Aty (XO)IP < I1X(2)]1% J
o ha(t) = (x(t) ~ 2.%(1)),  ha(t) = (x(t) — 2,%(8)) + [X(£)|]2 + (FIRST) =
Fa(8) + 2 (1) + (Ay(x(D), X(8) — 2) = [%(D)|I.

e zeS=A}0)= A;(lt)(O)7 and Ajy(y) A(t)-cocoercive =
(Ao (x(1), x(t) = 2) = A(B)[|Ax(e) (x(2))I|* < Step 1.

Step 2 (1) + 2ho(e) + € %(0)|* + AL Lx(1) 2 + NI <0

e In Step 1 replace Ay (x(t)) = —X(t) — g)'<(t)

= h,(t) + 2hy( t) () ||x( X(0)|]° < Ix(0)]1,
= ha(t) + $ha(e) + (A©)F — 1) Ix( ||2 +a“:> 2502 + A(Ol%(8)| <.
Then use the assumption )\( )=(1+ 6)

aZ®
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4e. Fast inertial dynamic for max. monotone operator

Step 3: SUPs> ¢, |IX(t)|] < +o0.

Rewrite Step 2 with g(t) = ||x(t)||?. From A(t) = (1 + e) L, setting 3 =
h,(t) + %hz(t) +eg(t) + Bte(t) + A1) x(1)? < 0.
= th,(t) + ah,(t) + etg(t) + ft2g(t) < 0.

After integration

th, () + (o = 1)h.(t) + 52g(t) + (c — 28) [, sg(s)ds < C. (*)

a—2
thz(t) + (a—1)h(t) < C.
After integration h,(t) < -5 + 2. Hence, h,(-) is bounded, and so is x(-).
Set M := sup,~, [Ix(t)[| < +oo.

By assumption ¢ — 25 = “== 2 (e — —) > 0. Hence,
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4f. Fast inertial dynamic for max. monotone operator

Step 4: S tlx ()12 dt < +oo.

|hz(8)] = [(x(t) — 2, x(£))] < [Ix(t) = z|[[Ix(E)[| < (M + [[2I)Ix()ll, (1)
combined with (*) gives ﬂ(tHx(t)H)2 < C+ (M + ||z]l) (tIx(t)]))- Hence
Ix(8)[ = O(1/2). (2)

(FIRST) = [[%(8)]| < 2[%(e)]| + 1A (x(D)I] < 2]1x(8)]| + kL.

Using (2) and the definition of A(t) = ct?, we conclude that

IX(8)ll = O(1/t%). (3)
Finally, returning to (*), and using (1) and (2) we infer that

S22tk (8)]Pdt < +oc.
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4g. Fast inertial dynamic for max. monotone operator

Step 5:  Apply Opial’s lemma. J

(7) Prove that Vz € S lims_, o ||x(t) — z|| exists . By Step 1
th(t) + ah(t) + tA(E)[| Axo (x(1)) 7 < tlx(0)]>

Lemma

Let w : [tg, +00[— R be a continuously differentiable function which is bounded

from below. Given a nonegative function 6, let us assume that, for some a > 1
tw(t) + aw(t) + 6(t) < k(t),

and some nonnegative function k € L1(ty, +00). Then, [W]+ belongs to

LY(tg, +00), and lim;_, oo w(t) exists. Moreover, we have ftjoo 6(t)dt < +o0.

y

Take w(t) = h(t),0(t) = tA(t)[| Axo) (x ()%, k(t) = t][x(t)]|?. Using Step 4,
we deduce that lim;_, [|x(t) — z|| exists for every z € S, and

i EA(@)]| Axgey (x(2)) Pt < +oo.
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4h. Fast inertial dynamic for max. monotone operator

Step 6:  Opial’s lemma, continued. ]

Since A(t) = ct? (c > 0), we infer

| @A gee <+ (@

to

The central point of the proof is to show that this property implies

im {IA(E)Axe (x(£)]] = 0. (5)

Suppose (5). Then the end of the proof follows easily: let t, — +oo such that
x(t,) — X weakly. We have A(t,)Ax,)(x(ts)) — 0 . Since A(t,) — 400, we
also have Ay, (x(t,)) — 0 strongly. Passing to the limit in

Ax(en) (X(tn)) € A(x(tn) = Atn) Ax(z,) (X(20)))

and using the demi-closedness of A, we obtain 0 € A(X), i.e., X € S.
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4i. Fast inertial dynamic for max. monotone operator

Step 7:  Opial’s lemma, end.

J

It suffices to prove (5). To obtain this result, we estimate the variation of the
function t + A(t)Ax(). As a consequence of the resolvent equation

I Axe)x(£) = A(s)Ax(e)x(5)]| < 2lIx(1) — x(s)I| + 2[x(t) — z[| 23

for each z € S. Dividing by t — s, t # s, and letting s tend to t
Y A
14 (A Ao x(D) ]| < 215(2)]| + 2lix(1) — 2] 38

According to the previous estimates and the definition of A
d 2C+4( M+||z||)
15 (A(®) ) < ==
Since [|A(£)Axex(t)]] is bounded, W( )= ||A(t )A)\(t)x(t)||2 satisfies
| < w(t)| <n(t), and f w(t)n(t) dt < +oo,

for some n(t) = % ¢ LY(tp, +00). We conclude thanks to the next Lemma.
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4j. Fast inertial dynamic for max. monotone operator

Lemma

Let w,n : [to, +00[— [0, +00[ be absolutely continuous functions s.t.
(1) [0 w(t)n(t) dt < +oo;
(i) n ¢ L}(to, +00);
(iii) | Lw(t)| < n(t) for almost every t > to.
Then,
+oo g,
/ |2 w2(8)]dt < +oo,

to

and so lim¢_ o w(t) =0.
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4k. Fast inertial dynamic for max. monotone operator

e H=R? A=r0t(0,%), Alx,y) = (—y,x).
o A hnear antlsymmetrlc (A(x,y),(x,y)) =0 for all (x,y) € H.
e A maximal monotone operator, not cocoercive, A~1(0) = 0.

Find conditions on A(t) ensuring the convergence of u(t) to zero.

(FIRST) () + S i(t) + Ax(u(t)) = 0, u(t) = (x(t),y(t)).

Equivalent formulation

‘H = C, real Hilbert (z1,2z) = Re(z12). Az =iz, Axz = 1{‘9\’;2
Set z(t) = x(t) + iy(t). (FIRST) becomes Zz(t)+ $z(t) + 1{‘:}\’22( )=0.

Phase space C x C, Z(t) = (z(t), z(t)) ", First-order equivalent system
-1

A(t)+i a
1+A(t)? t

Z(t) + M(t)Z(t) =0, M(t) =
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41. Fast inertial dynamic for max. monotone operator

Spectral analysis

Z(t)+ M(t)Z(r) =0,  M(t) = MO+ a

1+A(t)? t

Eigenvalues of M(t): 6(t) = & {1 +4/1— %ﬁ%} .

Case \(t) ~ tP
Suppose p > 2. The eigenvalues 6, and 6_ satisfy
0 (t) ~< and 0_(t) ~ —%

: T
e The solutions of V(t) + $v(t) =0, a > 0, converge to 0.
e The solutions of V(t) + —2=v(t) = 0 do not.

To obtain the convergence results of our theorem, we are not allowed to let
A(t) tend to infinity at a rate greater than t2: t2 is a critical size for A(t).
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4m. Fast inertial dynamic for max. monotone operator

Numerical illustration, H =R?, A =rot(0, %)

e Initial condition at t; = 1 is (10,10). For second-order equations, the initial
velocity is (0,0) in order not to force the system in any direction.

e When relevant, A(t) = (1 + €)t?/a? with @ = 10 and e = 1 + 2(a — 2) L.
For the constant A, we set A = 10.

Key Differential Equation Distance to (0,0) at t = 100
(E1) x(t) 4+ Ax(t) =0 14.141911
(E2) | X(t)+ $x(t) + Ax(t) =0 3.186e24
(E3) X(t )+AA \(x(£) =0 0.0135184
(E4) () + Ax(x(£)) = 0 0.0007827
(E5) | %(t) + 2x(t) + Axox(t) = 0.000323

(E4) is a first-order equation governed by the strongly monotone operator Ay,

H. ATTOUCH (Univ. Montpellier) Fast inertial dynamics




5a. Regularized Inertial Proximal Algorithm

e A:7H — 2" maximal monotone operator, S = A~1(0) # ().
e Ay :H — H Yosida approximation of A of index A > 0.

X(t) + ZX(8) + Ay (x(1)) =0,

t >ty > 0.

Discretization: time step h > 0, tx = kh, xx = x(tx), Ak = A(tk), s = h>.

Resolvent equation

(An)s = Arss = (I +5A)) T = 220 +

S+ (A +5s)A)

Implicit finite-difference — Regularized Inertial Proximal Algo

Yk =

(RIPA)
Xk+1

«
X”O‘Z) (xk — Xk—1)
Ak ) 1
/ A .
et T+ (u+ 94 ()
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5b. Regularized Inertial Proximal Algorithm

(RIPA)

Yk =

Xk+1

«
Xk + (1 — Z) (xk — Xk—1)
)\k S| 1
/ A
et T U+ e+ 94 (),

Xk—1
X
Ye=xk+ (1= %) (xk — Xk—1)

Xk1 = Okyk + (1 = 0k) I +s (V&)

Ak ~ +00
O ~ +1
Iniets (k) ~ projs(yk)
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5c. Regularized Inertial Proximal Algorithm

(0]
Yk = Xk+ (1 - F) (Xk — Xk—1)
(RIPA) by S (i o]
Xk+1 Ak+syk+/\k+s( + (A +5)A) " (vk),

Theorem (A-Peypouquet, 2017)
Let A:H — 2% be a maximal monotone operator s.t. S = A~1(0) # (.
Let (xk) be a sequence generated by (RIPA) where o > 2 and
A = (1 + E)ékz
for some € > ﬁ and all k > 1. Then,
D) Ixesr —xll = O(%) and 3oy kllxk — xi—1||* < +-oo.
ii) The sequence (xx) converges weakly, as k — 400, to some X € S.

iii) The sequence (yx) converges weakly, as k — 400, to X.
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5c. Regularized Inertial Proximal Algorithm

A=00 &:H — RU+{oco} convex lIsc. and proper, S = argmin® # .

«
Yk = Xkt (1 = F) (Xk — Xk—1)
(RIPA) N 5
Xk+1 = y +S)/k + Mt s PI“OX(,\k+s)¢(Yk)~

Theorem (A-Peypouquet-Redont, 2017)

Suppose that (Ax) is a nondecreasing sequence, s > 0.

e Case o > 3: For any sequence (xx) generated by algorithm (RIPA)
Py, ts(xk) — min® = O(k2).
As a consequence, setting px = prox(y,;s)e(Xk), we have

®(pk) —min® = (’)(k*2), and || xx — PkHz -0 <%> .

e Case o > 3: Suppose moreover that supk% < +o00.
Then x, — %X € S, ®(px) — min® = o(k=2), lim px = lim xx.
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6a. An inertial proximal ADMM algorithm

Convex structured minimization with linear constraint
(P) min{f(x) +g(y) : Ax — By = 0}

X, Y, Z real Hilbert spaces.

f:X—=>RU{+o0}, g: Y = RU{+oo} closed convex proper.
A: X = Zand B : Y — Z linear continuous operators.

A positive real parameter.

Lagrangian formulation

(P) & mingy)exxy maxzez {f(x) + &(y) + (2, Ax — By)}

Maximal monotone formulation
(P)& M(x,y,z)>0
M(x,y,z) = (0f(x) + Atz, dg(y) — Btz, By — Ax).
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6b. An inertial proximal ADMM algorithm

Uk =

Vi =

Wiy =

Py (Px — ux)

Py (qk — vk)
107 =

Xk+1 =

Yk+1 =

Zk4+1 =

H. ATTOUCH (Univ. Montpellier)

«
Xk + (1 5) Xk — Xk—1)
Yk + (1 5) Yk = Yk-1)
Zi + (1 E) Z — Zk—l)
+ Of(pk) + At (wk + (Ak +s)(Apk — Bw)) 20

+ 9g(qx) — B (wk + (Ak +5)(Apx — Bak)) 2 0
wi + (Ak + 5)(Apx — Bax)

Ak

)\k+suk+

s
)\k—i—spk
s

k
Ac+s
k

Vi +

A _|_qu-
S

)\k+ku+

)\k-l-Srk
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7. Recent trends

Regularized Inertial Proximal Algorithm

Ve = Xk + o(xx — xk—1)
(RIPA) Ak s

Xerl = et N s

(1 + (i + 5)A) 7 (),

@ Inertial prox-gradient algorithms with a general coefficient ay.
(A.-Cabot, HAL 2017).

@ Passing from open-loop to closed-loop control. Adaptive restart.
(O’Donoghue and Candés, Found. Comput. Math., 2013).

© Coupling Nesterov acceleration with Newton method. Valid for a general
maximal monotone operator. (A.-Peypouquet-Redont, JDE 2016).

@ Application to saddle value problems, proximal ADMM, (A.-Soueycatt,
Pacific J. Opt. 2011).

@ Coupling Nesterov with Tikhonov: strong convergence to the minimum
norm solution & fast convergence, (A-Chbani-Riahi, JMMA, 2016).
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Annex la. General damping/ inertial coefficient

Vi = X + o (X — Xie—1);
(IPG)a(')

Xk+1 = ProXgy (Yk — sVO(vk)) -

L —+o00 i . o tk—].
=14+ S lljckay, o= te

Theorem 3 (A-Cabot (HAL 2017))

A. Suppose that the sequence (a) satisfies (Ko) and (Ki).

(Ko) Vk>1, SIFII_oy < +oo,

(Ki) Vk>1, t2.,—tig1—t2<0.

Then, for any sequence (xx) generated by algorithm (IPG)q(.
(P + V)(xc) —min(d+ V) =0 <;1£> as k — +o0.

B. Assume moreover that Adm < 1 s.t. 1.‘,%_~_1 — t,% < mtygyy Vk > 1. Then
(® + V) (xx) — min(® + V) = o (f’}_) :

i=1 ti
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Annex 1b. General damping/ inertial coefficient

Wi := (& + W) (i) — mingg(® + W) + 3 [lxe — xe1 % J

ok - a<3|1-

xR

,a>3 |1

1-5, relo il |0<ax<1

wol o(F) | e | () | o) o (1)

x| =

e Historical choice by Nesterov: tfﬂ — tyr1 — t,f =0. Then ay ~ 1 — %

e =1-% tj = £ (Ky) corresponds to o > 3, (K{") to a > 3.
e0<m< <M<, =8 <3: We=0(;) (HBF).
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Annex lc. Perturbations, errors

= X) + op( X — X—
(IPG) Yk k k(k kl)

pert

Xk+1 = Proxey (yvk — sV (y«) + sgi)-

Theorem 4 (A-Cabot-Chbani-Riahi, 2017)

A. Suppose that (o) satisfies (Ko) and (K1), and that (gk) satisfies
(K2) ko tusallegll < +oo.
Then, for any sequence (x) generated by algorithm (IPG) .,
(& + W)(x) — min(® + V) = O (?15) as k — +oo.
k

B. Assume moreover (K;") and ax € [0,1] for every k > 1. Then the sequence
(xk) converges weakly toward some X € argmin (¢ + V).

C. If we assume additionally that (K3") P ( L Zﬁ;l fi+1) llgk |l < 400,

a1
then we have
(P + V)(xk) — min(® + V) = o(%ﬁ) as k — +o0.

i=1 "
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Annex 1d. Perturbations, Tikhonov regularization

Vi = X + o (X — Xk—1);
(IFB) 7
Xi+1 = ProXey (yk — sVO(yk) — sexyi)

Theorem 5 (A-Cabot-Chbani-Riahi, 2017)
Let x* be the least norm element of S = argmin (® + V). Suppose that
1
(1) The sequence (tx) is nondecreasing, satisfies (Ko), (K1), Z 7 < +o00.
PR
€k

(if)  The sequence (ex) is nonincreasing, and verifies = +o00.
k+1
K

Let (xx) be a sequence generated by the algorithm (IFB) ;. Then (xk)
converges strongly to x* in the ergodic sense

Iimk—>+oo

LS~k x| = e =%
=2 =1 X — x*|| =0, with r; = e and 7k = i 1.
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Annex 2a. a = 3. Convergence of trajectories.

Theorem 6

Let ® : R — R be a convexr continuously differentiable function such
that S = argmin® # (). Let x : [to; +00[— H be a solution of (AVD),
with o = 3. Then x(t) converges, as t — +00, to a point in S.

For a = 3, x(-) is bounded, and minimizing.
When argmin® = {x*}, x(-) converges to its unique cluster point x*.
When argmin® = [a, b], there are three possible cases:

o JT >ty s.t. x(t) > b for all t > T. Then b is the unique cluster
point of the trajectory, which implies the convergence of x(-) to b.
Symetrically, if x(t) < a, for all t > T, then x(-) converges to a.

e JT >ty s. t., forall t > T, a < x(t) < b. Then, VO(x(t)) =0.
Integration of X(t) + ¢x(t) = 0 gives x(t) = t% Since o > 1, x(+)
is integrable, and hence x(-) converges.

e x() passes in a and b an infinite number of times.
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Annex 2b. a = 3. Convergence of trajectories

Lemma 1 (H general Hilbert space)
Let x(-) be a trajectory of (AVD),, a < 3. Suppose that for to > t;

x(t1) = x(t2) € S = argmin ®.

Then t5 ||x(t2)| < t2 ||x(t1)|]. In particular, for a = 3,

ta||x(2) < tal[x(ta)l|-

V.

Set z = x(t1) = x(t2) € S = argmin ®, take p = min(1, §), and consider

£0.:(8) = €2 [0(x(8)) ~ min®] + LAD(x(6) ~ 2) + (O + () -2

which is the Lyapunov function of Theorem 1. It is nonincreasing. Hence
5§7£(t2) < é’f’g(tl)7 which equivalently gives

sllEx(R)]? < 3l x(t)]%
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Annex 2c. a = 3. Convergence of trajectories

@ The trajectory passes in a and b an infinite number of times.

Let us show that this is impossible.
The argument is based on the decay of t||x(t)|| during a loop.

R
[0)
Sh .ty
0 av, T u,b R
e 5, <t Su, S v,
e x(s,) =a, x(t,) = b, a < x(t) < b for all t € [s,, t,]
° a<

x(t) < b for all t € [up, v,).

Fast inertial dynamics
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Annex 2d. a = 3. Convergence of trajectories

For t € [sp, ty] we have tx(t) + ax(t) = 0. Equivalently
2 (tx(t)) + (o — 1)x(t) = 0.

After integration on [sp, ty], and taking account of the sign of x

[taX(tn)| = [snX(sn)| = (a = 1)(b — a).
Symetrically,

Vax(vn)| = |unx(un)| = (o = 1)(b - a).
By Lemma 1

lunx(un)| < [tax(tn)].

Combining the above equalities, we obtain

[vak(vi)| < [sok(sn)| — 2(c — 1)(b - a).

For each loop, t||x(t)|| decreases by a fixed positive quantity: impossible.
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Annex 3. Inertial dynamic & control: Hessian damping

(DIN-AVD), 5 X(t) + TX(t) + BV2O(x())x(t) + VO(x(t)) = 0. J

(DIN-AVD) a,p looks much more complicated, but

Theorem (A-Peypouquet-Redont, JDE 2016)
(DIN-AVD),, 5 is equivalent to

x(8) + BVO(x(8) = (3 - 9) x(8) + hy(6) = 0;

70— (5 -5+ %) 0+ 3y =0,

_l’_

e First-order system in time and space.
e In the product space: linear perturbation of a gradient system.
e Nonsmooth setting: similar results (damped shocks in mechanics).

e Time discretization gives inertial Newton-like algorithms.
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Annex 4. Inertial dynamics & control: Adaptive restart

Strategy: maintain high velocity along the orbit.

(AVD), X(t)+ %)’((t) +VO(x(1) =0, x(0)=xp, x(0)=0.

Restarting time: T(®,x) = sup{t >0, Vr €]0,t[, 2|x(7)|> > 0}.
Before time T(®,xp) > 0, t — ®(x(t)) decreases:

SO((1) = (VO(x(1)), x(2)) = = ¢ Ix(1)> = 3 & Ix(B)* < 0.
At time T(®, xp), stop and restart, and so on.

Theorem (Su-Boyd-Candes, 2016), linear convergence

Suppose ® : H — R strongly convex, VO Lipschitz continuous, o > 3.
Let x5 () be an orbit of the speed restarting dynamic. Then

D(xsr(t)) — miny ® < e 2t

Question: adaptive restart for a general convex function $7?
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