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PREMIERE PARTIE : ECLATEMENT DANS LES ESPACES HILBERTIENS

Patrick L. Combettes Eclatement d’Opérateurs Primal-Dual 2/34



Hilbert 2013 Asynchronous Banach 2/34

Monotone operators

m 7 areal Hilbert space.

m A: H — 2% is maximally monotone: for every (x, x*) € H?,
(x,x*)cgraA &  (Vy,y)egraA) X—y|x -y >0

m The resolvent of A, Js = (Id + A)~": H — H, is firmly nonex-
pansive and FixJa = zer A= {x € H | 0 € Ax}

m Minty’s parametrization:

(Vx e H) (Jax,x — JaX) = (Jax,Ja1X) € graA
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Solving monotone inclusions

B A: H — 2" maximally monotone,

m Problem: solve: 0 € Ax

m Conceptual solution methods when A is simple:
m The proximal point algorithm (implicit):

Xn+'| = (ld aF "/nA)i]Xn = J’YnAXn7 where Yn > O

mIf A: H — # is B-cocoercive (A~! — gld is monotone),
the explicit iteration

Xnp1 = Xn — 7nAXn, Where 0< 9, < 28.

m For “real” problems splitting is required.
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Splitting structured problems: 3 basic methods

A, B: #H — 2" maximally monotone, solve 0 € AX + BX.
m Douglas-Rachford splitting (1979)

Zn == JA,A(QYn — Xn)

Yn = J8Xn
Xn+] == Xn +Zn - yn

B B:H —H pB-cocoercive: forward-backward splitting (1979+)

O0<y<28
Yn = Xn — YnBXn
Xnt1 = JyAVn

m B: H— H p-Lipschitzian: forward-backward-forward splitting (2000)

O<vm<1/p
Yn = Xn — YnBXn
Zn = Jy,aYn

I'n = Zn — vnBzn
Xnt1 = Xn — Yn+1n

m Spingarn’s method (1983) for0 € AjX + - - - + AnX.
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Forward-backward splitfing for minimization

m Solution set: Z = Argmin (f + g), where f € Th(H), g: H -+ R
convey, differentiable, Vg is 1/-Lipschitz-continuous

m The sequence constructed by the algorithm

Xn1 = prox, (=7 (Vg(x) )
m 0 < vy < 28 (Mercier, 1979)

converges weakly to a point in Z
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m Solution set: Z = Argmin (f + g), where f € Th(H), g: H -+ R
convey, differentiable, Vg is 1/-Lipschitz-continuous

m The sequence constructed by the algorithm
Xpp1 = prox. (Xn—vn  (Vg(Xn) )

m 0 < vy < 28 (Mercier, 1979)
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Forward-backward splitfing for minimization

m Solution set: Z = Argmin (f + g), where f € Th(H), g: H -+ R
convey, differentiable, Vg is 1/-Lipschitz-continuous

m The sequence constructed by the algorithm
Fii] = prox%f(xn —vn  (VG(Xn) + bn)) + an
m 0 < vy < 28 (Mercier, 1979)

B 0 < infrenyn < SUPHen T < 26 (Tseng, 1990)
B v llonll < 400, > cn lIbnll < 400 (PLC, 2004)

converges weakly to a point in Z
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Forward-backward splitfing for minimization

m Solution set: Z = Argmin (f + g), where f € Th(H), g: H -+ R
convey, differentiable, Vg is 1/-Lipschitz-continuous

m The sequence constructed by the algorithm

Xn+] = Xn + )\n(pI'OX%f(Xn — Yn (VQ(Xn) i bn)) + an — Xn)
m 0 < vy < 28 (Mercier, 1979)
B 0 < infrenyn < SUPHen T < 26 (Tseng, 1990)
B v llonll < 400, > cn lIbnll < 400 (PLC, 2004)
B (\n)nen in]0, 1], infreny Ap > 0 (PLC, 2004)

converges weakly to a point in Z
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Forward-backward splitfing for minimization

m Solution set: Z = Argmin (f + g), where f € Th(H), g: H -+ R
convey, differentiable, Vg is 1/-Lipschitz-continuous

m The sequence constructed by the algorithm

Xni1 = Xn + )\n(proxf:f(xn — ¥aUn Y (V9(%) + b)) + Gn — Xn)
m 0 < v < 28 (Mercier, 1979)
B 0 < infrenyn < SUPHen T < 26 (Tseng, 1990)
B v llonll < 400, > cn lIbnll < 400 (PLC, 2004)
B (An)nen iN]0, 1], infrew An > O (PLC, 2004)
B (T+797)Uniy = Us= U} = ald, a > 0,9, >0,
> nen n < +oo (PLC&VQ, 2012)

converges weakly to a point in Z
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Forward-backward splitfing for minimization

m Solution set: Z = Argmin (f + g), where f € Th(H), g: H -+ R
convey, differentiable, Vg is 1/-Lipschitz-continuous

m The sequence constructed by the algorithm

Xn1 = Xn + An(PIOX"; (Xn = vaUp | (VQ(Xn) + b)) + Gn — Xn)

m 0 < v < 28 (Mercier, 1979)
B 0 < infrenvn < SUPpen 7 < 28 (Tseng, 1990)
B oy llanll < +00, 3 ey 16nll < +oo (PLC, 2004)
B (An)nen iN]0, 1], infrew An > O (PLC, 2004)
B (1 +n)Uni1 = Up=U; =ald, a>0,n, >0,
> nen 0 < +o0o (PLC&V{, 2012)

converges weakly to a point in Z

m Also: almost surely weakly convergent versions with random
block-coordinate sweeping (PLC&Pesquet, SIOPT, July 2015)

and/or stochastic approximations (PLC&Pesquet, Pure Appl.
Funct. Anal., Jan. 2016)
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Further properties of forward-backward splitting

m Solution set: Z =Argmin f + g

B X1 = X+ An (prox%f( — YV g(Xn)) —Xn), e<m<(2-¢)8
B (VYneN)VzeZ) [ X1 — 2| < ||Xn— z||: Fejér monotonicity
B (YneN) (f+9)() < (F+9)(xn)

m Convergence is only weak

m Even in the finite dimensional or the linear case, no (upper
bound on the worst) rate of convergence of || X, — X || exists

e |(F + @) (%) — inf(f + @)(H)|” < +o00

If > nen(1 = An) < 400, (f+ 9)(Xn) — inf(f + g)(H) = o(1/n)
(PLC, Salzo, Villa, 2017)

m In the case of the projected gradient method, some form
of the above results already in:

m E. S Levitin and B. T. Polyak, Constrained minimization meth-
ods, Comput. Math. Math. Phys., vol. 6, pp. 1-80, 1966
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On minimizing sequences

m Let & € [h(H), Z= Argmin ¢ # @ the solution set

m Minimizing sequences may have litfle fo do with actually
approaching a point in Z as we can have (even in R?):
B O(xy) — inf®(H)and (Vz € 2Z) ||xn — 2| > 1
B O(xy) — inf ®(H) and (Vz € Z) ||xn — Z|| — +o0
B ... and vice versa ®(x,) = +oo and x, — Z € Z

m The whole area of metric regularity addresses such issues
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Splitting algorithms (1979-2000)

find X € # such that
Z* € AX + Bx
where:

B ZF € H, A: H — 27 is maximally monotone

m B: H — 2" is maximally monotone
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Splitting algorithms (Briceno-Arias-PLC, 2011)

find X € # such that
Z"e AX+ L"B(Lx —r)
where:

B ZF € H, A: H — 27 is maximally monotone

B B: G — 29 is maximally monotone, r € G, L € #(H,G)
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Splitting algorithms  (Briceno-Arias-PLC, 2011)

find X € # such that

K
7' € AX+ ) LiB(LX — 1)
k=1

where:
B Z € H, A: H — 27 is maximally monotone

B By: G — 29 is maximally monotone, r, € Gy, L € B(H, Gk)
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Splitting algorithms  (PLC-Pesquet, 2012)

find X € # such that

K
Z* € AX+ Y Li(BeODe)(LiX — 1)
k=1
where:

B Z € H, A: H — 27 is maximally monotone
B By: G — 29 is maximally monotone, r, € Gy, L € B(H, Gk)

m Dy: G, — 2% is maximally monotone, DE] is v -Lipschitzian,
BODx = (B '+ D)
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Splitting algorithms ~ (PLC-Pesquet, 2012)

find X € # such that

K
z* € AX+ > Li(B«ODy)(L — nX) + CX
k=1
where:
B ZF € H, A: H — 27 is maximally monotone
B By: G — 29 is maximally monotone, r, € Gy, L € B(H, Gk)

m Dy: G, — 2% is maximally monotone, Dk‘1 is v-Lipschitzian,
B«ODy = (B, + D)

m C: H — H is monotone and p-Lipschtizian
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Splitting algorithms ~ (PLC, 2013)

find X7 € Hy,...,Xm € Hm such that

K m
Z?c € A171 T Z LZ1 <(BkD D[J(Z Lkiyi = fk>) T C]Y]

k=1 i=1

o K m
z5 € AmXm+ Y Lim <(Bk 0Dy) ( > L — rk)) + CmXm
k=1 i=1
where:
mZcH, A H — 2% is maximally monotone
m By: G — 29 is maximally monotone, r, € Gy, Ly € B(Hi, Gx)
m Dy: Gy — 2% is maximally monotone, Dk*] is v-Lipschitzian,
BcODx = (B +Dy')!

m Ci: H; — H;is monotone and w;-Lipschtizian
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Splitting algorithms (PLC, 2013)

[ | ’CZH]@"'@Hm@g1@"'@gp

BM: K =25 (. Xm, Vi, V)
(=Z A1) X - X (= ZiFAmXm) % (N+B7 Vi) x -+ x (1o+Bp ' V)
BQK-K: (X, Xm Vf,...,V5) —

(Cx1 + Srbia Vi -+ ConXom + S L Vi — S0 Lt
Dy, T Laxi+ D Vi)
m M and @ are maximally monotone, Q is Lipschitzian, the ze-
ros of M + Q are primal-dual solutions

m Solve 0 € Mx + Qx, where x = (X1,...,Xm, V{,...,V}) Via
Tseng's forward-backward-forward splitting algorithm

Yn=Xn— QXp
P —(d+ M)y,
qn=Pn— Qpn

Xni1 = Xn— Y+
in IC to get... el =20~ U T s
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Splitting algorithms (PLC, 2013)

Forn=0,1,...
e <0 < (1= &)/ (max{ max ;. max v | + VI S0 I1Ll?)
Fori=1,....m

K "
S1,i,n = Xin ’Yn(cixi,n + k= LkiV;,n)
| Prin = A (810 + nZ)
Fork=1,...,K
S2.kn = Vi n = ‘/n(Dk Vin = 2oimt kaXf,n)
.
P2k = 240 = Wl + I, 15 (Y 2.0 — 1))

Q2,0 = P2,k,n — 'YH(D;:]DQ,k,n -3 LkipLim)

Vintl = Vk n = S2knt Q2k,n
For i=1,...,m

K
Qin = P1,in — "/n(cipu,n + D k- LZ,'pzkm)
L Xi,ne1 = Xiin — S1,i,n + Q1in
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Some limitations of the state-of-the-art

We present a new framework that circumvents simultaneously
the limitations of current methods, which require:

m inversions of linear operators or knowledge of bounds on
norms of all the Ly

m the proximal parameters must be the same for all the mono-
tone operators

m activation of the resolvents of all the monotone operators:
impossible in huge-scale problems

m synchronicity: all resolvent operator evaluations must be
computed and used during the current iteration

and, in general,
m converge only weakly
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Asynchronous, block-iterative splitting

m For every i € | (finite), H; a Hilbert space, A;: H; — 2% maxi-
mally monotone, z* € H;

m For every k € K (finite), G, a Hilbert space, By: Gy — 2%
maximally monotone, r, € Gy, Ly € B(Hi, Gk)

m Initial problem: find (X;);c; € H = @,, H; such that

(VI € /) Z,-* € AX; + Z LZ,(B;(<Z ijyj’ = fk)>

keK jel
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Asynchronous, block-iterative splitting

m For every i € | (finite), H; a Hilbert space, A;: H; — 2% maxi-
mally monotone, z* € H;

m For every k € K (finite), G, a Hilbert space, By: Gy — 2%
maximally monotone, r, € Gy, Ly € B(Hi, Gk)

m Initial problem: find (X;);c; € H = @,, H; such that

(VI € /) Z,-* € AX; + Z LZ,(B;(<Z ijyj’ = fk)>

keK jel

m Dual problem: find (Vy)xck € G = @k G Such that

(kek) —ne _ZLI«'<AT1 (Z/* - Zmﬁ)) + BV,

iel lekK
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Asynchronous, block-iterative splitting

m Solutions set: the associated Kuhn-Tucker set

Xi€H; and z' =Y LiVi € AXj,
kek

Z= {((7;)1617 (Vikek)

V; € G, and Z LyiXi — e € Bk]V;:}
iel
m Zis a closed convex set
m The projection of Z onto H is the set F of primal solutions

m The projection of Z onto G is the set F* of dual solutions
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The Kuhn-Tucker set

F*

>H1 B DB Hm
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With proper CQ, this framework includes..

m Let F be the set of solutions to the problem

minimize f(x) — (x| Z) Loxi —
(Xier€¥ 4 ( (X)) — (x| +ZQ}<<Z KiXi >

el kek iel
where f; € To(H,). 9k € To(Gk). Lis € B(H,, G)
m Let F* be the set of solutions to the dual problem
minimize Zf*( z ZLk/Vk> +) (Gr(VE) + (v | 1))
(Vi ker€Brex 9k 7 kek kek
m Associated Kuhn-Tucker set
Z= {((7[),‘6/, (v;)kGK) X; € H, and Zi* = Z L;IV; € 81:,(7,),
kek

VieGeand Y LgX;—rnc € 397?(@)}

iel
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Methodology for 2 operators

m 0e AX+L*(BLX) and 0 € —L(A~ (- L*V")) + B~'¥*
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Methodology for 2 operators

m 0c AX+ [*(BX) and 0 ¢ —L(A~'( - L'V*)) + B-'V*
m Take (X, V") € Z. Then —L*V" € AXand LX € B~'V", i.e.,
(X,—L*V*) egraA and (LX,V") € graB
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Methodology for 2 operators

m0eAX+L*(BLX) and 0 —L(A™'(—L*V")) + B~V
m Take (X, V") € Z. Then —L*V" € AXand LX € B~'V", i.e.,
(X,—L*V*) egraA and (LX,V") € graB
m Suppose that at iteration n
(an,af) egraA and (bp, b)) € graB
m By monotonicity of A and B,
(an =X | af+L*V*) + (by— X | b}, = V") >0

(X, V) | (05 + L"B5, bn = Lan)) < (an | ap) + (bn | b7)
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Methodology for 2 operators

m0eAX+L*(BLX) and 0 —L(A™'(—L*V")) + B~V
m Take (X, V") € Z. Then —L*V" € AXand LX € B~'V", i.e.,
(X,—L*V*) egraA and (LX,V") € graB
m Suppose that at iteration n
(an,af) egraA and (bp, b)) € graB
m By monotonicity of A and B,
(an =X | af+L*V*) + (by— X | b}, = V") >0

(X, V) | (05 + L"B5, bn = Lan)) < (an | ap) + (bn | b7)

m This places Z in the closed affine half-space with outer
normal (a; + L*b}, by — Lap)!
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Fejér monotone scheme in the general case

F*

*
Vn+1 T

m Choose suitable points in the graphs of (A))ic; and (Bk)kek
to construct a half-space H, containing Z

m Algorithm: (Xny1, Vi, 1) = Pu,(Xn, Vi) — (X, v*) € ZCFx F*
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Main novelties

m Block iterations: Af iteration n, we require calculation of
new points in the graphs of only some the operators (A)ici,ci
and (Bk)kek,ck. The control sequences (Ih)neny aNd (Kn)nen
dictate how frequently the various operators are used.

m Asynchronicity: A new point (q; p, fon) € gra A; being incor-
porated intfo the calculations at iteration n may be based
on data X; ¢, and (Vf,c,-(n))keK available at some possibly
earlier iteration ¢j(n) < n. Therefore, the calculation of
(ain, af,,) could have been initiated af iteration ¢;(n). with
its results becoming available only at iteration n. Likewise,
for (bkma b;ﬁ) € gra By.

Also:
m No knowledge of the ||Ly|s is required
m No linear operator inversion is required
m No bounds required on the proximal parameters
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Asynchronous block-iterative proximal splitting |

forn=0,1,...
forevery i € In

Ii),kn = 2kek L;ivlj,ci(n)

=7

(ai,n, Gf"p) = (Jw,-,ci(n)A,- (i) + Vi) (& = 150) s Vi oy Kcytn) = ) = i)
forevery i € I < In
{ (G,n 9 n) = (Gi,n—1, A7)
forevery k € Kn

le,n = 22ier LkiXi, di (n)

=il

B 07 ) = (e + i gy e + e le0) ) = k) i) * i gy ) U = Bin)
forevery k € K . Kn
| Bkn> BF0) = (Busn—1, b 1)
(7 ien (enkek) = (0], + Ziek Liibi piet (Bk,n — Xies Li%in)kek)
™ =Ygl Hf,fn”Q + ke ,nll?

if Tn >0
An * * * *
Op = — mGX{O,Z (0 | 170) = (@in 1 o)) + D ((ton | V) — (B | bk,n))}
n icl kek
else 6, =0

forevery i € |
[ Xi,nt1 = Xion — eﬂl‘f’,(n
forevery k € K

P
Vi,nt1 = Vin = Onfin
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Convergence

B (In)nen is @ sequence of nonempty subsets of I, and (Kn)nen
is a sequence of nonempty subsets of K such that I = I,
Ko = K, and

n+M—1 n+M—1
(vneN) | |J b=/ and |J K=K|. O
Jj=n

Jj=n
B (Ci(N))nen and (Ak(N))nen are sequences in N such that

(Viel) n=D<ci(n)<n and (VvkeK) n—-D<d(n)<n

B c €]0,1[and (vi.n)neny ANd (1k n)nen Are sequencesin [e, 1/¢].

Set Xn = (Xin)ier ANA V5 = (Vg )kek. Then (Xp)nen converges
weakly to a point X € F, (v;)nen converges weakly to a point
veF, and (X,V") e Z
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Asynchronous block-iterative proximal splitting |l

g]@...

F*

V5 -
o
Vn+1 E
o
Vo

m Constfruct H, as before
m The half-space D, safisfies (xp, v;,) = Po,(Xo, V§)
m Algorithm: (Xny1, Vi, 1) = Pu,p,(Xo, V5) — Pz(Xo, vg) € F x F*

Patrick L. Combettes Eclatement d’Opérateurs Primal-Dual 22/34



DEUXIEME PARTIE : ECLATEMENT DANS LES ESPACES DE BANACH

Patrick L. Combettes Eclatement d’Opérateurs Primal-Dual 23/34



Hilbert 2013  Asynchronous Banach

Legendre functions (Bauschke-Borwein-PLC, 2001)

m X is a reflexive real Banach space.
m felg(X)is:

m essentially smooth, if 9f is both locally bounded and
single-valued on its domain;

m essentially strictly convex, if (9f)~! is locally bounded
on its domain and f is strictly convex on every convex
subset of dom of;

B a Legendre function, if it is both essentially ssnooth and
essentially strictly convex.
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Legendre functions

If fis a Legendre function, then
m f*is a Legendre function.

m domdf =intdom f #£ @ and f is Gateaux differentiable on
int dom f.

m Vf:intdom f — int dom f* is bijective with inverse

VF*: intdom f* — intdom f.

m For every sequence (Xp)nen in int dom f that converges to
some point in bdry dom f, we have

IVI(xa)ll = +o0,
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Legendre functions

m letf: X — |—o0, +o0] be a Legendre function.

m The associated Bregman distance is
D': X x X — [0, +00]

X, y) = f(x) — f(y) — (x — y,Vf(y)), if yeintdomf;
7 +00, otherwise.

B A sequence (Xp)nen in X is Bregman-monotone with respect
to Z c X if (Bauschke-Borwein-PLC, 2003)

m Zndomf # @.
B (Xy)nen liesinintdom f.
m (Vx e Zndomf)(Vn e N) D(X,Xny1) < D(X, Xn).
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How to generafte a Bregman monotone

sequence”?

m For every x and y in intdom f, set
Hix,y)={ze X | (z-y,Vf(x) — Vf(y)) <0}.
m Call %8 the class of all operators T: X — 2% such that
ranT Cc dom T = intfdom f, and (V(x,u) € graT) FixT C H(x, u).
m Set
Xg €infdomf and (Vn e N) x,.1 € Xy, Where T, € 8.

B Then (Xn)nen is Bregman monotone with respect to

7= ﬂ Fix T,

neN
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Bregman Projection

m letf: X — |—o0, +00] be a Legendre function.

m Let C be a closed convex subset of X such that Cnintdom =
Q.

m The Bregman projector onto C induced by f is

PL: intdomf — Cnintdom f
y — argmin D'(x, y).

xeC

m PLesB.
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Bregman Resolvent

B letf: X — |—o0, +o0] be a Legendre function.
m Let A: X — 2% be maximally monotone.

m The Bregman resolvent of A induced by f is

Rl = (Vf+ A)~' o Vf: intdom f — intdom f.

m R} €B.
m The Bregman proximal operator of ¢ € o(X) induced by f is

prox!, = R}, : intdom f — int dom f

y — argmin o(x) + D(x, y).
xeX

Note: Even in Euclidean spaces, it may be easier to evalu-
ate prox’; than the usual Moreau proximity operator prox,, =

(Id +~v9p)~!. Here are a few examples...
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Examples of Bregman proximity operators

(PLC-Nguyen, 2016)

Suppose that f is the Fermi-Dirac entropy function on R™.
B Let w € R and suppose that each component of ¢ is

Eng —wg, if €€ ]0,4o0[;
$: €= <0, if £€=0;
+ o0, otherwise.

Then i = _eEi+w71/2 + \/62(£i+w—1)/4_|_ efitw—T.
m Suppose that

(1=9In(1 - +¢ if £€]—o00,1[;
P& 1, if £€=1,;
400, otherwise.

Thenn =1+e%/2— /e & +e%/4
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Problem

m Let X and Y be reflexive real Banach spaces, let X = X x Y*

be normed with (x, y*) — /[x||2 + |y*||2. and let X* be its
topological dual, that is, X* x Y equipped with the norm

O, y) = VN2 + Ny II2.
mlet A: X — 2% and B: Y — 2Y" be maximally monotone,
andlet L: X — Y be linear and bounded.

m Primal problem:
find x € X such that 0 € Ax + L*BLx.
m Dual problem:
find y* € Y* suchthat 0 e —LA™'(—L*y*) + B~ 'y*.
m Kuhn-Tucker set:

Z={(x,y")eX | -L'y* € Ax and LxeB'y*}.
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Problem

mletf: X — ]-o0,+o0] and g: Y — |—o0, +oc] be Legendre
functions, set
f: X — ]—o0,+o0]: (X, ¥*) = f(x) + g"(v"),
let Xy € intdomf, let y; € intdom g*.
m Suppose that Znintdomf # @.

m The problem is to find the best Bregman approximation
(X, V") = P4(x0, vg) to (xo, ¥g) from Z.
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Methodology

m Use the same geometrical intuition as in the hilbertian case.
m Thus, in the fully parallel case we iterate

forn=0,1,...
(9n, pn) € [e,0] % [6, 0]
an = RD A(Vh(xn) — ynL*y5)
ai = (Vh(xn) — Vh(an)) — L*y;;
bn = R, 5(Vi(LXn) + ;)
by = M;] (vj(an) - vj(bn)) + ¥
Hn = {(x,y*) € X|(x,a; + L*b};) + (bn — Lan, y*)

< (an, ap) + (bn, by) }

(Xn+1/27 y:+1/2) = P,’_,n(xm 179
L (Xn41, y;‘;Jr'l) = Qf((XOa VS)a (Xn, Vi) (Xn+1/2a y;;.;_]/z))'
where

Qf(XO7 X, Y) = PL’(XU,X)QHI(X-}')XO.
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