Convergence d’'une méthode de résolution de
systemes d’inclusions monotones couplées

H. Attouch, Luis M. Briceno-Arias, P. L. Combettes

Laboratoire Jacques-Louis Lions
Equipe Combinatoire et Optimisation
Université Pierre et Marie Curie — Paris 6
75005 Paris, France

Porquerolles, 19 Octobre 2009

H. Attouch, Luis M. Bricefo-Arias, P. L. Combettes Convergence d’'une méthode de résolution de systemes d'inclusic



P. L. Combettes Convergence d’une mét|



Notation
Introduction
Problem
Algorithm

Applications

. L. Combettes Convergence d’'une méthode de résolution de systemes d'inclusic



Notation

is M. Bricefio-Arias, P. L. Combettes Convergence d’'une m



Notation

Notation

Let H be a Hilbert space. I'y(H) denotes the class of proper
lower semicontinuous convex functions from H to ]—oo, +o0].
For an operator A: H — 2%

m gra(A) = {(x,u) € H x H | u € Ax} is the graph of A.
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Notation

Let H be a Hilbert space. I'y(H) denotes the class of proper
lower semicontinuous convex functions from H to ]—oo, +o0].
For an operator A: H — 2%
m gra(A) = {(x,u) € H x H | u € Ax} is the graph of A.
m Ais called monotone if, for every (x, u) and (y, v) in
gra(A), we have
x—ylu—v)>0

In addition, is maximal if its graph is maximal (in the sense
of inclusions) between the monotone operators in H.
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Notation
Notation

Let H be a Hilbert space. I'y(H) denotes the class of proper
lower semicontinuous convex functions from H to ]—oo, +o0].
For an operator A: H — 2%
m gra(A) = {(x,u) € H x H | u € Ax} is the graph of A.
m Ais called monotone if, for every (x, u) and (y, v) in
gra(A), we have
(x—ylu—v)>0

In addition, is maximal if its graph is maximal (in the sense
of inclusions) between the monotone operators in H.

m The resolvent operator of A, J4 = (Id + A)~ 1, is
single-valued.
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Introduction

Motivation

Let C; y C, be nonempty closed convex subsets of a real
Hilbert space H.

Best approximation problem

H 2
min X1 — X
X1€C1,X2€C2|| 1 2”
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Motivation

Let C; y C, be nonempty closed convex subsets of a real
Hilbert space H.

Best approximation problem

i 1 2
min Xq) + Xo) + 5| X X:
X1€M, xp€H LC1( 1) LCg( 2) 2” 1 2“

OENC1X1—|—X1—X2 o

C.

OENCZXQ—X1+X2 ©

is equivalent to

5= Poxe >
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Introduction

Motivation

Let C; y C, be nonempty closed convex subsets of a real
Hilbert space H.

Best approximation problem

i 1 2
min Xq) + Xo) + 5| X X:
X1 €M, xp€H LC1( 1) LCg( 2) 2” 1 2“

0€ Ne, Xy + X1 —Xo %
C
0e NCZX2 — X1+ Xo

Pe,Pe,xo

is equivalent to

Pe.xo

X1 = PC1 Xo
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Introduction

Motivation

Let £ y f>in ro(H).

Acker and Prestel’80

P min ~ fi(x:) 4 b(x) 4 Lixs — x|l
(P1) X €H, Xo€H 1(x1) + 20x) + 2[x1 — x|
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Introduction

Motivation

Let £ y f>in ro(H).

Acker and Prestel’80

min  fi(x (X Lixy — xo|2
(P1) I 1(x1) + R(x2) + 311X — x2|

0 € 0fi(x1)+ X1 — X N X4 :(|d+8f1)_1X2
0 € 9h(X) — X1 + Xo X2 = (Id + 0f) " xy.
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Introduction

Motivation

Let £ y f>in ro(H).

Acker and Prestel’80

P min ~ fi(x:) 4 b(x) 4 Lixs — x|l
(P1) X €H, Xo€H 1(x1) + 20x) + 2[x1 — x|

0 € 0fi(x1)+ X1 — X N X4 :(|d+8f1)_1X2
0e afg(Xg) — X{ + Xo Xo = (|d + 8f2)_1X1.

Let xo 0 € H and set

X1.pt1 = (Id+0f) " "xo
X201 = (Id+ 8f) 7 X1 n4q
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Introduction

Motivation

Let £ y f>in ro(H).

Acker and Prestel’80

P min ~ fi(x:) 4 b(x) 4 Lixs — x|l
(P1) X €H, Xo€H 1(x1) + 20x) + 2[x1 — x|

0 € 0fi(x1)+ X1 — X N X4 :(|d+8f1)_1X2
0e afg(Xg) — X{ + Xo Xo = (|d + 8f2)_1X1.

Let xo 0 € H and set

Xt,np1 = (Id 4+ 0f) " X L X XXen =X
Xo.n+1 = (|d + 8f2)_1X17,H_1 (X1 , X2) is solution of (731 )
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Introduction

Motivation

m Let Ay, A> be maximal monotone operators defined on a
Hilbert space H.

Monotone inclusion

0 Aixs +Xx1 — Xo
0€ Asxo — X1 + Xo

(P2)
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Motivation

m Let Ay, A> be maximal monotone operators defined on a
Hilbert space H.

Monotone inclusion

0 Aixs +Xx1 — Xo
0€ Asxo — X1 + Xo

(P2)

X2n (|d+A2) X1 N

mletxjgeH. ForallneN
Xt a1 = (Id+ A1) Txg .
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Introduction

Motivation

m Let Ay, A> be maximal monotone operators defined on a
Hilbert space H.

Monotone inclusion

0 Aixs +Xx1 — Xo
0€ Asxo — X1 + Xo

(P2)

X2n (|d+A2) X1n
Xt a1 = (Id+ A1) Txg .

B Xy ,— Xy and xp , — Xo where (xq, x2) is solution of (Pz)
(Bauschke et al.’05).

mletxjgeH. ForallneN
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Introduction

Motivation

Let H1, H2 and G be real Hilbert spaces, and, for every
ie{1,2},letfiey(H;)andlet L;: H; — G be linear and
bounded.

Attouch et al.’08

. 1 . L 2
(P3) et fi(x1) + fa(x2) + 5llLixs — Laxz|
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Introduction

Motivation

Let H1, H2 and G be real Hilbert spaces, and, for every
ie{1,2},letfiey(H;)andlet L;: H; — G be linear and
bounded.

Attouch et al.’08

. 1 . L 2
(P3) et fi(x1) + fa(x2) + 5llLixs — Laxz|

0 € 0f (X1) + LTL1 X1 — LTLQXQ
0 € 0f (Xg) — L;L1 X1+ LZLZXZ
An alternating algorithm is proposed, which generates

sequences (X1,n)nen and (X2 n)nen that weakly converges to a
solution of (P3).
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Introduction

Our goal is...

m Extension to m variables
m More general couplings
m Different Hilbert spaces
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Problem

General Problem

m Foreveryic {1,...,m}:
m H;is a real Hiloert space and denote H =H1® --- © Hpm-
m A, is a maximal monotone operator from H; to 27
m B;is an operator from H to H; (coupling) such that
(Bi)1<i<m satisfy

(V%1 s Xm) € Hyxe - X Han) (VWi Yim) € Hy -5 Hi)

m

D (BilXts s Xm) = Bilyrs- - Ym) | Xi = i)

i=1

> 6 1B, xm) — By )P ()
i=1

for some 3 € |0, +o0|

H. Attouch, Luis M. Bricefio-Arias, P. L. Combettes Convergence d’'une méthode de résolution de systemes d'inclusic



Problem

General Problem

Un-coupled equilibrium problem

Find (X;)1<i<m € H such that

0 €Aix
0 € Axo
0 € Anxm
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Problem

General Problem

Coupled equilibrium problem

Find (X;)1<i<m € H such that
0 €Aixi+Bi(xq,...,Xm)
0 € AcxotBa(x1,..., Xm)

(P)

0 € AnXm+Bm(X1,...,Xm)
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Algorithm

Algorithm and weakly convergence

m Foreveryne Nandeveryic {1,...,m}, set

Algorithm

Xint1 = AinXin+ (1 — )\i,n)(nynA,- (Xin — Bi(X1,n, - - - ,Xm,n)))
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Algorithm

Algorithm and weakly convergence

m Foreveryne Nandeveryic {1,...,m}, set

Algorithm

Xint1 = AinXin+ (1 — )\i,n)(nynA,- (Xin — Bi(X1,n, - - - ,Xm,n)))

m where forevery i € {1,...,m}
B (vn)nen be a sequence in ]0, 23]
® (\p)nen be a sequencein [0, 1].
B X0 €H;
B ()i n)nen be a sequence in [0, 1] such that
ZneN ‘)\i,n - >\n‘ < +00.
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Algorithm

Algorithm and weakly convergence

m Foreveryne Nandeveryic {1,...,m}, set

Algorithm

Xint1 = AjpXin + (1- )\i,n) (Jv,,A,-,n (Xi,n - ’YnBi,n(XLn, e aXm,n)))

m where forevery i e {1,...,m}
B (7n)nen be a sequence in |0, 2]
B (\;)nen be a sequence in [0, 1].
B X0 € Hi
B ()i n)nen be a sequence in [0, 1] such that
ZHEN ‘)\i,n — Ap| < +o0.
m Proximity conditions Ja, , <> Ja, and B; , < B;
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Algorithm

Algorithm and weakly convergence

m Foreveryne Nandeveryic {1,...,m}, set

Algorithm

Xint1 = AjpXin + (1- )\i,n) (Jv,,A,-,,, (Xi,n - ’YnBi,n(XLn, aca aXm,n)))

m where forevery i e {1,...,m}
B (7n)nen be a sequence in |0, 2]
B (\;)nen be a sequence in [0, 1].
B X0 € Hi
B ()i n)nen be a sequence in [0, 1] such that
2 _nen |Ain = An| < 4o0.
m Proximity conditions Ja, , <> Ja, and B; , < B;

m The algorithm gives a sequence ((X;n)1<i<m)nen that
converges weakly to a solution (Xx;)1<j<m to (P)
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Algorithm

Strong convergence

Suppose that, for some /i € {1,..., m}, one of the following
holds
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Algorithm
Strong convergence

Suppose that, for some /i € {1,..., m}, one of the following
holds

m H; is finite dimensional

m A; is uniformly monotone, i.e. there exists an
nondecreasing function ¢: [0, +oco[ — [0, +o0], which
vanishes only at 0, such that

(V(x,u) € graA))(V(y, v) € graA;)
(X—ylu=v)>o(x—yl)

m Jy, is compact
m domA,; is boundedly relatively compact
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Algorithm
Strong convergence

Suppose that, for some /i € {1,..., m}, one of the following
holds

m H; is finite dimensional

m A; is uniformly monotone, i.e. there exists an
nondecreasing function ¢: [0, +oco[ — [0, +o0], which
vanishes only at 0, such that

(V(x, u) € graA;)(v(y, v) € graA)
x—ylu=v)=o(lx—yl)
B Jy, is compact

m domA,; is boundedly relatively compact
Then x; , — X;.
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Strong convergence

Suppose that, one of the following holds
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Algorithm
Strong convergence

Suppose that, one of the following holds

m There exists ¢: [0, +oo[ — [0, +oc] nondecreasing that
vanishes only at 0 such that, for every (x;)1<i<m and
(Vi)1<i<min Hy X -+ X Hp

m

> (Bi(Xt, o Xm) = Bi(Ya,- -, Ym) | Yi = Xi)

i=1
> ¢(Z Ix —y,-uz)
i—1

m The set of solutions to Problem (P) has a nonempty interior
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Algorithm
Strong convergence

Suppose that, one of the following holds

m There exists ¢: [0, +oo[ — [0, +oc] nondecreasing that
vanishes only at 0 such that, for every (x;)1<i<m and
(Vi)1<i<min Hy X -+ X Hp

m

> (Bi(Xt, o Xm) = Bi(Ya,- -, Ym) | Yi = Xi)

i=1
> ¢(Z Ix —y,-uz)
i—1

m The set of solutions to Problem (P) has a nonempty interior
Then, forevery i € {1,....,m}, Xj n — X;.
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Applications

Coupling evolution equations

Let T € 10, +oco[ and, for every i € {1,..., m}, let H; be a
Hilbert space.

The problem is to find functions (x;)1<j<m in

W'2([0, T],Hq) x --- x W'2([0, T], Hp) such that, a.e. in
te]o, T

Coupling evolution problem (CEP)

where, for every i € {1,..., m},
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Applications

Coupling evolution equations

Let T € 10, +oco[ and, for every i € {1,..., m}, let H; be a
Hilbert space.

The problem is to find functions (x;)1<j<m in

W'2([0, T],Hq) x --- x W'2([0, T], Hp) such that, a.e. in
te]o, T

Coupling evolution problem (CEP)

where, for every i € {1,..., m},
| f,' S ro(H,')
m D;: Hy x --- x Hy — H; is such that (D;)1<j<m, satisfy (C).
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Applications

Coupling evolution equations

Foreveryiec {1,...,m}, let
m H,; = L%([0, T]; H)),
mW, = {x € C([0, T]; H)) n W'2([0, T]; H;) | x(T) = x(O)},
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Applications

Coupling evolution equations

Foreveryie {1,...,m}, let
= M= L((0, T} Hy)
m W, = {x e C([0, T];H;) n W"2([0, T]; H)) | x(T) = x(0)},
mA:H — 21,

Ay — {ueH;| u(t) e X(t)+ofi(x(t)) ae. in]0, T[}, if xeW;
' Q, otherwise.

is maximal monotone,
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Applications

Coupling evolution equations

Foreveryiec {1,...,m}, let
= H; = L2((0, TI H),
mW, = {x € C([0, T]; H)) n W'2([0, T]; H;) | x(T) = x(O)},
mA:H — oM,

Ay — {ueH;| u(t) e X(t)+ofi(x(t)) ae. in]0, T[}, if xeW;
' Q, otherwise.

is maximal monotone,
mB:Hix - xHm— Hj

B,'(X1,...,Xm): [0, T] — H,'
t— D,'(X1(t),...,Xm(t))

is such that (B;)1<i<m satisfy (C) as well.
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Applications

Coupling evolution equations

Problem (CEP) is equivalent to (P) and Algorithm becomes
(we set errors to 0 and \, = 0), for every i € {1,..., m} and
a.e.intelo, TJ,

Algorithm (CEP)
(A) Xin(t)/7n = Di(x1,n(t), - - Xm,n(t))

€ X/ 11 (1) + Ofi(Xi g1 (1) + Xins1 (£) /9,

where

B (Yn)nen N ]0,20]
m(Vie{l,...,m}) xio€ W'2([0, T]; H)).
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Applications

Coupling evolution equations

Problem (CEP) is equivalent to (P) and Algorithm becomes
(we set errors to 0 and \, = 0), for every i € {1,..., m} and
a.e.intel0, TJ,

Algorithm (CEP)
(A)  Xin(t)/vn — Di(x1,n(1), ..., Xm,n(t))

€ Xjy1 (8) + 00 + |- 1P) (X1 (1),

where
B (yn)nen in]0,20]
m(Vie{l,...,m}) xo€ W'2([0, T]; H)).
There exists an unique solution of the inclusion (A) (Brezis’73).
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Applications

Coupling evolution equations

Problem (CEP) is equivalent to (P) and Algorithm becomes
(we set errors to 0 and \, = 0), for every i € {1,..., m} and
a.e.intel0, TJ,

Algorithm (CEP)
(A)  Xin(t)/vn — Di(x1,n(1), ..., Xm,n(t))

€ Xjy1 (8) + 00 + |- 1P) (X1 (1),

where

B (Vn)nen in |0, 23]

m(Vie{l,...,m}) xo€ W'2([0, T]; H)).
There exists an unique solution of the inclusion (A) (Brezis’73).
The algorithm converges weakly to the solution of (CEP).
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Applications
Network Flows

m Directed graph (transport network).

m mtypes of flows, M links, N paths, Q origin-destination
pairs. Lis a M x N binary matrix (L is 1 if link j belongs to
path / and 0 otherwise).
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Applications
Network Flows

m Directed graph (transport network).

m mtypes of flows, M links, N paths, Q origin-destination
pairs. Lis a M x N binary matrix (L is 1 if link j belongs to
path / and 0 otherwise).

m Foreveryie{1l,....m},ke{1,...,Q}

m x; € RV: flow type i on all the routes.

m Jdj: total flow type i that transit from the origin to the
destination of k.

m Nj: number of paths linking k.

m Ci={(m)r1<ien € [0,+00[" | VK 32 jcn, m = ik}
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Applications
Network Flows

m Directed graph (transport network).

m mtypes of flows, M links, N paths, Q origin-destination
pairs. Lis a M x N binary matrix (L is 1 if link j belongs to
path / and 0 otherwise).

m Foreveryie{1l,....m},ke{1,...,Q}

m x; € RV: flow type i on all the routes.

m Jdj: total flow type i that transit from the origin to the
destination of k.

m Nj: number of paths linking k.

m Ci={(m)i<ien € [0, +0o[" | Yk X icn, m = i}

m Foreveryje {1,..., M},

m ¢;: R — [0, +oo[: strictly increasing 7-Lipschitz continuous
function (cost of transiting on link j).

] hj: RN R (Xi)1Sme — Z/m:1 (Lx,-)Tej total flow through
link j.
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Applications

Network Flows

The Wardrop equilibria are the solutions of

Beckmann et al’56

... (X4 .. Xm
(N) e en’éinln)l(}nzeecm Z/Ai1 0/(X1 X )(b/(h)dh
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Applications

Network Flows

The Wardrop equilibria are the solutions of

Beckmann et al’56

(N)  minimize Y31, [ i5exm) o (hydlh,

X1€C,....Xm€E

Setting, for every i € {1,..., m},
] A,‘ = NC,-
m B (Xi)1<icm
LT (012 (Lxi) T er), - om(374 (LX) T em))

(N) is a particular case of (P).
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Applications

Network Flows

The Wardrop equilibria are the solutions of

Beckmann et al. 56
(N) mlnlmlze Z/ 1

X1€C,....Xm€E

0 (),

Setting, for every i € {1,..., m},

| A,‘ = NC,-

m B (Xi)1<i<m

LT (1 (4 (Lxi) T er), - - dm(3o 4 (Lxi) T em))

(N) is a particular case of (P). Then our Algorithm, which
becomes
Vi Xipp1 = PC, (Xin 'YLT(@(M ) , dm(pm, n)))
where (p1,n,-..,pmn) = 21:1 Lx; », converges (strongly) to the
solution of (N).
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Applications

Thank you for your attention !
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