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2mooth and Cartoon Priors

Prior model: energy J(f) € R low for images of the model f € ©.

1 1
Sobolev norm: 1) = 511y = 5 [ 1Vt Pda

Total variation norm: J(f)=|flrv = / |V fldz

—

Extension to non-smooth functions f € BV([0,1]?)

Co-area formula: | flTv = / length(C;)dt
R
Level set C; = {z \ f(z) =1t}




Small | flson = [ IV Small |f|rv = [ V]



atural Image Priors

“Typical” image drawn at random: (denoising noise)

L 5

Small | flseb = [ IVf]*  Small |f|rv = [ |V

Natural images: structure + texture + noise
T¥=3988 T¥=9387




maiscrete Priors ﬂ'f

Analog signal f € L?(]0,1]?) — discrete signal f € RV,

Finite differences operators:

61f[n17n2] — f[nl + ].,712] n17n2

02 f|n1,n2] = flni,ne + 1] — fni, ng)

Discrete gradient:

Vfln] = (01f[n], 62 f[n]) € R*Y

Discrete energies:

Jsob([f) = %Z((Slf[ ))? + (02f[n])7

JTV Z\/ 51f 52f[ ]) Vf
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L2 -constraint: f* = argmin || g HTV

TV projection: f: = argmin Hf — gH |Combettes,Pesquet

Equivalence A <= ¢ « 7.

Best formulation: depends on the prior knowledge!




L2 -constraint: f* = argmin HgHTv

TV projection: f: = argmin Hf — ( H |Combettes,Pesquet

Equivalence A «» ¢ < 7. Today’s focus

Best formulation: depends on the prior knowledge!




ual Formulation

f* = argmin |f —g| = argmm —Hf 91? + 1 v <r (9)

lglrv<T



-Dual Formulation

f* = argmin ||f — g| = argmm —Hf 91? + 1 v <r (9)

lgllrv<T

Dual vector field u = {u;};* " € RV*2 where u; € R2.

TV norm: | flrv = |u]1  where w=V/. Julr = Z \/Uz21 + U?,Q



m- ual Formulation ﬂ'i

f* = argmin |f — g| = argmm —Hf g + L jpv<r(9)

lglTv<T

Dual vector field u = {u;};_ V- 1 e RV %2 where u; € R?.

N—1
TV norm: | flrv = |u|t where w=VF. lul1 = Z \/%21 +us,
i=0
¢1-¢%° duality:
_ _ 2 2
Ljpgr(v) = max (u, v) = Tufoc [ufoo = Oga%}i\f \/uq;,1 us o

= 1 py<r (f) = min (div(u), f) + 7]u]

u
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- Proximal Ilterations

. .1 .
w* = argmin = | fo — div(w)|* + 7|1/ e * = f —div(u*)
UERNX2I I I I

smooth “simple”

Forward-backward splitting:  Initialization: 49 =0, k « 0.
Gradient descent: @*) = u®) — | grad (fo _ div(u("”’))>

(al).

¢ proximal correction:  uFT1) = PTOX | oo

Continue? If |uF+tD) — B | >n k — k + 1.



roximal lterations

. .1 .
w* = argmin = | fo — div(w)|* + 7|1/ e * = f —div(u*)
UERNX2I I I I

smooth “simple”

Forward-backward splitting:  Initialization: %) =0, k « 0.
Gradient descent: @*) = u®) — | grad (fo _ div(u(k))>

(> proximal correction:  uF+tY) = prOXM”.”OO(fL(k)).

Continue? If [u™D —ul®| >0, k —k +1

Proximal operator computation:

ST,u),

PIOX). |, () = u — Sx(v) p JE0R
A Ry o
where S \ (u)z = IMax (1 — H ” , O) U; 8 2

] 1
“ : ]
"
Y

Computing A: partial sorting the values |u;|: O(N) operatio NS,




Nesterov Multi-step

Accelerating the gradient descent: use u(®) for all £ < k to compute uFt1).



-Nesterov Multi-step

Accelerating the gradient descent: use u(®) for all £ < k to compute uFt1).

Nesterov multi-step scheme:
Initialization:  u®) = 0,Ay =0, 5(0) =0,k «— 0.

First proximal computation: k) — PLOX A, 71| oo (u(o) — & (k))

2 Aj + ay
(1)

Set ag

Second proximal computation: = Prox, . /o] ., (@(k))
where @®) = w*) — gv (fo — div(w(k)))
Update Ap11 = Ax + ax and
£00) = )+ ay grad ( fo — div(u®+D))

Continue? If |uFtD) — B >n k — k + 1.



-Convergence Analysis

. 1 .
w* = argmin B(u) = 5|fo - div(w)| + rul

’LLERN X 2

Known results: If 0 < pu < 2/|V*V| = 1/4,

1 for Forward-Backward

E(u(k)) - E(U*) = O(1/k") with o = { 2 for Nesterov

— what about the convergence of f*) = f — div(u(®)) ?



onvergence Analysis

1 :
u* = argmin B(u) = S| fo — div(w)[* + 7]u]
UERNX2 2

Known results: If 0 < p < 2/|V*V| =1/4,

1 for Forward-Backward

(k)Y _ ) — o ' —
E(u™) = E(u) = O0(1/k%)  with «a {2 for Nesterov

— what about the convergence of f*) = f — div(u(®)) ?




Noisy image y frowith | folrv/[f*|lev =2 f* with [ folrv /| /v =4 £ with | folrv /| f*|rv = 8

Forward—-Backward
= = = Subgradient proj.
----- Nesterov

logo (1 £ % — £1/1.7°1)

m—— orward-Backward
= = = Subgradient proj.
----- Nesterov

logyo (| £ |7v /7 — 1)
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e First Order Algorithms
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e Cheeger Set Approximation



-Inverse Problems

Recovering fy from P noisy measurements y = ® fo + w € R

® : RY — R with P < N (missing information)

wln| ~ N(0,0) white noise.



Recovering fy from P noisy measurements y = ®fy + w € R,

® : RY — R with P < N (missing information)

wln| ~ N(0,0) white noise.

Inpainting: set Q2 C {0, .. — 1} of missing pixels, P = N — |Q].




m- TV Projection for Inverse Problems ﬂ‘:
1

Inverse problem resolution: f* = argmin —||®f — Y3
| flrvsT

Projected gradient descent:

Fl+D ij{”.”rwg}f(f) where fO = O 1 D (y — <I>f(€))




N 1
Inverse problem resolution: f* = argmin ~|®f — y|°
[ fllrvsT

Projected gradient descent:

JE = Projyppy<n /Y where  FO = fO 4 va*(y — @ f©)

Imperfect projection:
fErY = Projy v <r) (f O+ 10*(y — Of “))) + ay

Convergence of f(©) if Z la¢| < +o00. (does not work with Nesterov)
0




o log,o (1F®) — £1/1 £ | Operator ®: 70% missing pixels.
ol _ Gaussian noise: |w| = 0.02 fo] oo
Ll TV constraint: 7 = 0.6 fo|Tv.

1o ' — Roughly 1/¢ convergence speed.
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Operator ®: Gaussian filter,

width 4 pixels.

Gaussian noise: |w| = 0.02]| fo oo

TV constraint: 7 = 0.6 fo|1v.

— Roughly 1/¢ convergence speed.
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|E' Cheeger Set

Cheeger set: (2* C (2 solution of h(€) = min Perimeter(A)
AcQ  Area(A

— not necessarily unique.



|E' Cheeger Set

Cheeger set: Q* C Q solution of h(Q) = min Perimeter(A)
AcQ  Area(A

— not necessarily unique.

) de 1
Weighted Cheeger set:  h(£2) = min fa AJ F
ACQ fA F ; L
Landslide modeling: anti-plane flow. Q*

F': external forces (vertical)

g: yeld limit of the soil.
Safety condition: u(2) > 1.



pproximation by Projection

Constraint formulation in BV: h(2)7 = sup { / Fu:ue K }
Q

K = {u e BV(Q) : / gd|Dul —I—/ gluldH* < 1}
Q G1Y)



Constraint formulation in BV: h(2)™ = sup { / Fu:ue kK }
Q .

K = {u e BV(Q) : /gd\Du\ +/ gluldH* 1 <1}

Q Y )

Strictly convex relaxation: / Fu — / Fu — %HUHQ ~ —
Q Q
Ueg = PI'OJK(F/‘S)

u—Fel?




if' Approximation by Projection

Constraint formulation in BV: h(2)7 = sup { / Fu:ueck }
2 \

K = {u € BV(Q) : / gd|Dul +/ gluldH* 1 <1}

Q o )

Strictly convex relaxation: / Fu —s / Fa — % HU”2 ~ —|u— F/ 5”2
Q Q
ue = Proj(F/¢)

Theorem: [Buttazo, Carlier, Comte, 2007] u. — axq+ in L' (Q)

()*: unique maximal Cheeger set of (). 1/d
-

|
Discretization: grid with N points. uéN) — PYOJKN(F /€) . 7})/
()

Ky ={ueR" : Julry <1; ¥Yn ¢ Quln] =0} 1
|y
— Computation of ugN) using Nesterov on the dual. = ;\\_
|



!E' Approximation by Projection

Constraint formulation in BV: h(2)™! = sup { / Fu:ue K }
Y/ \

K = {u € BV(Q) : / gd|Dul +/ gluldH*t <1}
Q o0

/

Strictly convex relaxation: / Fu —s / Fu — %HUH2 o ]u o F/EHQ
Q Q
ue = Proj(F/¢)

Theorem: [Buttazo, Carlier, Comte, 2007] u. — axq+ in L' (Q)

(2*: unique maximal Cheeger set of ().

N—/d
Discretization: grid with N points. ugN) = Projg , (F/¢) _7%
KN:{ueRN |lu|Tv < 1; Vn & Q,un _O} { .
— Computation of uéN) using Nesterov on the dual. /\//‘:;\\_ |

Theorem: |Carlier, Comte, Peyré 2009] u () N2 e in L?(Q).




Influence of the Weights
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3D Cheeger Sets

L3 198997



o) = ) [22])

L2 Cheeger L! Cheeger L> Cheeger



-Limit Load Analysis

Incompressible deformation field: u:Q — R? with | div(u) =0

1
Bounded deformation model:  |u|Bp = / | Dul Dv = §(Vu + V*u)
Q

— generalize to discontinuous fields v.

Q2

Load on the boundary:  L(u) = / (u, F)
oS

P11
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-Limit Load Analysis

Incompressible deformation field: u:Q — R? with | div(u) =0

1
Bounded deformation model:  |u|Bp = / | Dul Dv = §(Vu + V*u)
Q

— generalize to discontinuous fields v.

< Q —
Load on the boundary: L(u) = / (u, F) - e
oS
«— —
Limit load analysis: h(ﬂ)_l = max / (u, F) F«— —>F
uce K o0 - .
K ={ueBD(Q) : |u|gp < 1,div(u) =0}. <« —

Strictly convex relaxation: u: = Proj (F/e)



A |E' Limit Load Analysis

Incompressible deformation field: u:Q — R? with | div(u) =0

1
Bounded deformation model:  |u|Bp = / | Dul Dv = i(Vu + V*u)
Q

— generalize to discontinuous fields v.

Load on the boundary:  L(u) = / (u, F)
Y

Limit load analysis: h(Q)~! = max / (u, F)
ue K o0

K = {u € BD(Q) : |u|pp < 1,div(u) = 0}.

Strictly convex relaxation: u: = Proj (F/e)

(2

P11

Theorem: [Carlier, Comte, Ionescu, Peyré 2009

e—0

uesS

U, — u* = argmin |u| in L?(Q) where S = argmax / (U, f)
veEK of

Discretization: finite difference |u|gp for u € RV %2,



umerical Example #1




Analytical solution: Prandlt model.
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Analytical solution: Prandlt model.

VLY
"0\ Il /

Numerical solution: e = | Paiv(f)|BD/100
N =100 x 100

NN N NN\ 77777774
SNV NN\ 777777/
~NWNN v AV AV AV av4
- NN v AV AV vy

~~NNN . h(N) 0 -1 __ 3 85
~~2NWN\\N S s € - .
«~<~SNNNNN
~~SNNNNw- / \\_»—rl////' - .
~ NN N\ - /7 b\\""’””’ - -
-‘\\\\‘4-’, , \ \\\...‘”l"‘
SN N mmam g 44N Em == = s o o

-« % N W e e - 1 (A A mmm > > a



Parameteric family of solutions: u = u,,

|Oudet, Tonescu]
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Parameteric family of solutions: u = u,,

|Oudet, Tonescu]
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Conclusion

e Dual TV projection: unconstraint optimization.

. o1 .
min ||f —g] — 5 min o | fo - div ()2 + 7uf o

lg|lTv<T

e Gradient methods: Forward-backward or Nesterov (faster).



onclusion

e Dual T'V projection: unconstraint optimization.

. .1 .
min_|f = 9| ——— min | fo — div(u)|* + 7ul

lg|lTv<T

e Gradient methods: Forward-backward or Nesterov (faster).

e Imaging applications: denoising, synthesis, inverse problems.

— projected gradient descent: stability to imperfect projections.
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e Dual TV projection: unconstraint optimization.

. o1 .
min ||f —g] — 5 min o | fo - div ()2 + 7uf o

lg|lTv<T

e Gradient methods: Forward-backward or Nesterov (faster).

e Imaging applications: denoising, synthesis, inverse problems.

— projected gradient descent: stability to imperfect projections.

o Shape optimization: computing Cheeger sets, plastic mechanics.
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TV texture synthesis: draw f € Ctv N Ceontrast at random.

Crv = {f \ ”f”TV < T} Ceontrast = {f \ hiStOgram(f) — hO}
of

Iterated projections: (9 « noise.

f(k‘|‘1) — Equalizeho (PrOJ||||TV<T(f(k))>

Ceontrast 1S NON-convex.

Local convergence [Lewis, Malick, 2008



| = Total Variation Texture Synthesis -

TV texture synthesis: draw f € Ctv N Ceontrast at random.

Crv = {f \ ”f”TV < T} Ceontrast = {f \ hiStOgram(f) — hO}
of

Iterated projections: (9 « noise.

f(k‘|‘1) — Equalizeho (PrOJ||||TV<T(f(k))>

Ceontrast 1S NON-convex.

Local convergence [Lewis, Malick, 2008

t W . |
IIf“’) Hw/ ||f ”TV =4 ||f(0> v/ Hf*HTv =8 LF N ey /1 F* v = 16 LF Oy /[ ey = 32



