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nD data restoration

» We observe an image z € R degraded by
» a linear operator T (e.g. a blur)
» a noise (e.g. Gaussian, Poisson noise)

» Objective: restore the unknown original image y € RV

z y?
> Use of convex optimization to restore the degraded image.
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1. Parallel ProXimal Algorithm (PPXA)

2. PPXA for image restoration : proximity operator associated
to linear degradation model and some class of discrete
approximation of TV.

3. Accelerated PPXA

4. Conclusion
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Convex optimization

Minimization problem

J
Find mingery Y fi(4)
j=1
where (fj)1<j<y be functions in the class [o(H).
This criterion can be non differentiable.

J =2 : = a Bayesian interpretation can be formulated letting f;
be a data fidelity term and f; an a priori term.

» Forward-Backward algorithm f; or £ is B-Lipschitz
differentiable (5 € ]0, +o00])
[Figueiredo and Nowak, 2003][Bect et al., 2004][Daubechies et
al., 2004][Combettes and Wajs, 2005]|[Chaux et al., 2007],...

» Douglas-Rachford algorithm [Lions and Mercier, 1979]
[Eckstein and Bertsekas, 1992][Combettes and Pesquet, 2007]
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Convex optimization

Minimization problem

J
Find mingery Y fi(4)
j=1
where (fj)1<j<y be functions in the class [o(H).
This criterion can be non differentiable.

J =3 : the problem can be mingey f1(§) + £(§) + ¢c(§)

» Nested algorithms
(B-Lipschitz differentiability of f; or f»
[Dupé et al., 2008][Chaux et al., 2009]

J > 3 and no (fj)i1<j<y is -Lipschitz differentiable

» Parallel ProXimal Algorithm (PPXA)
[Combettes and Pesquet, 2008]
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PPXA : mingew 327, £(€)

j=1"J

Initialization

Set v € ]0, +o0].
Set (w;)1<j<s €]0,1]7 such that Zle wp=1
Set (uj0)1<j<s € (H)? and & = Y7, wiujo.

Iterations

For£=0,1,...

Gortj=li Prox. computation
| pie= PrOX. £ /o, Uj e + 3j,¢ <« with possible errors
pe = Zf:l wjpj.e — Weighted sum
Set \y € ]0,2[
Forj=1,...,J
L Ujeyr=ujr+ X (2pe—& — pje) < Update

| Sev1 =&+ Ao (pe— &) — Update
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PPXA : convergence

The sequence (&;)¢>1 generated by the PPXA can be shown to

converge weakly to a minimizer of Z]’Zl f; under the following
assumption [Combettes and Pesquet, 2008].

Lo limjgmoo fi(€) + ... + 5(£) = +oo.

2. domfi N ﬂ]’zz int dom f; # @.

3. (Ve {l, . J}) Dpen e llajell < 4o
4.3 pen M (2= X)) = Fo0.
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Convex optimization

Minimization problem

Find mingey Zle fi(€) where (f;)1<j<y are in the class ['o(H).

» f;j can be related to noise
» Vy € RY, fi(y) = 5| Ty — z||? for Gaussian noise
» Vy € R, f(y) = Dku(Ty, z) for Poisson noise

» fj can be related to a constraint

» Yy € R, fi(y) = tc(y) where C = [0,255]" (pixel range
constraint)

> f; can be related to some a priori on the target solution
» Vy € RN, £(y) = |ly||3 for Tikhonov regularization
» Yy € RV, f;(y) = tv(y) for total variation regularization
» Yy € RV, f;(y) = |ly|l1 to promote sparsity
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Convex optimization

Minimization problem

Find mingey ZJ-le fi(&) where (f;)1<j<y are in the class [o(H).

» f;j can be related to noise
» Vy € RV, fi(y) = 55| Ty — z||? for Gaussian noise
» Vy € RN, f(y) = Dki(Ty, z) for Poisson noise

» f; can be related to a constraint

» Vy € RN, £(y) = tc(y) where C = [0,255]V (pixel range
constraint)

> f; can be related to some a priori on the target solution

» Vy € RN, £(y) = |ly||3 for Tikhonov regularization
» Vy € RV, f;(y) = tv(y) for total variation regularization

» Vy € RN, | fi(y) = |lyll1 | to promote sparsity
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Frame representation

Frame coefficients (X) Original (¥)

» X € RX : Frame coefficients of original image y € RV

» F*:RX - RN : Tight frame synthesis operator such that
v €]0,4+o00[, F* o F = vld

y=F'x
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Motivations

Our objective is to take J > 2. Why ?

» it allows us to mix constraints and regularization functions
which has proved to be fruitful.

[Bect et al., 2004][Bioucas-Dias and Figueiredo, 2008][Combettes and Pesquet,
2008]

Wavelet regularization  Total variation regularization

/.

:

4 ¢

lack of regularity staircase effects
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T B

Considered minimization problem

Our objective

min cpx  d(TF*x,z) + ktv(F*x) + c(F*x) + ¥ f(x)
where kK >0, ¥ > 0.

> d(-,z) € To(RM): data fidelity term .

> tv: total variation term
» .c: indicator function of a closed convex set C = [0, 255]"N
> Vx = (xK) 1k €RX, F(x) = Zle b (x9)) where, for

every k € {1,...,K}, ¢ is a finite function of [o(R) such
that lim), 0400 P (xH)) = 00
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Considered minimization problem

Our objective

min cpx  d(TF*x,z) + ktv(F*x) + c(F*x) + ¥ f(x)
where kK >0, ¥ > 0.

> d(-,z) € To(RM): data fidelity term .
= No explicit proximity operator expression except when d is
quadratic.

» tv: total variation term
= Proximity operators proposed for several forms of tv.

» .c: indicator function of a closed convex set C = [0, 255]"N
= Pc.

> Vx = (x(k))lngK € RK, f(x) = Zle ¢k(x(k)) where, for
every k € {1,...,K}, ¢ is a finite function of [o(R) such
that lim), 0400 P (xH)) = 00
= Explicit form.
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Proximity operator computation of d(TF*., z)

> Vx € RX, [ d(TF x,2) = W(TF"x) | = S0, m((TF*x)(™)
> Vme {1,..., M}, explicit form for prox,, = Explicit form for proxy,

» How to circumvent proxy, o=
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Proximity operator computation of d(TF*., z)

> Vx € RX, [ d(TF x,2) = W(TF"x) | = S0, m((TF*x)(™)

> Vme {1,..., M}, explicit form for prox,, = Explicit form for proxy,
» How to circumvent proXy,yop= "’

» H and G: real separable Hilbert spaces.

> (em)meck an orthonormal basis of G such that (Vu € G), &(u) =
3 e ¢ (U, €m)) Where (pm)mes € Fo(R).

» [:H — G: bounded linear operator

» Suppose that the composition of L and L™ is an isomorphism which
is diagonalized by (em)mek (i.e. (Vm € K) Lol” em = dmem)

D
then, proxg,, = Id + L* o (proxp-14(p.) — Id) o D 'ol.
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Proximity operator computation of d(TF*., z)

> Vx € RX, [ d(TF x,2) = W(TF"x) | = S0, m((TF*x)(™)
> Vme {1,..., M}, explicit form for prox,, = Explicit form for proxy,
» How to circumvent proXy,yop= "’

» H and G: real separable Hilbert spaces.

> (em)meck an orthonormal basis of G such that (Vu € G), &(u) =
3 e (4, em)) where (pm)mex € To(R).
» [:H — G: bounded linear operator

» Suppose that the composition of L and L™ is an isomorphism which
is diagonalized by (em)mek (i.e. (Vm € K) Lol” em = dmem)

D
then, proxg,, = Id + L* o (proxp-14(p.) — Id) o D 'ol.

> If L= TF* with T =1d and F* o F = vId = Proposition can be used

> If L= TF* with T #1Id and F* o F = vId = Problem: (TF*)o (TF*)"
is non necessarily diagonalized in the canonical basis of RM
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1 A MAN

Example: 1D periodic convolution

For a kernel size equal to 3, ToT*#D

0, 0, 6, O 0
0 6 6 6 O :
S0 6, 6, 6 O
0 92 91 90 0
0 92 91 90 0

T —
06 6, 6, 0

0 0 6, 0: 6

0o O 0 60, 6

6 6 0 .- 0 6, |
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Example: 1D periodic convolution

Tio T} = 237:0 |6,)21d

0, 61 6, O 0
0 6 6 6, 0 :
. T
. 0 92 91 90 0 1
| 0 6, 6,6 O |
I 0 6, 6, 60
T = !
06, 6, 6 O
0 0 6, 61 6
6 O 0 6, 6
6, 6 O 0 6, |
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Example: 1D periodic convolution

Too Ty =30 o104%1d
9') 91 gn 0 e n
0 6 6, 6 O :
R 0 0 01 6 O

T
0 0, 61 6 O
| 0 6 6, 6 0 |

T = 1
1

06 6, 6 0

0 0 6, 01 6o

6 O 0 6, 6,

01 6o 0 0 6
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Example: 1D periodic convolution

T30T; = Zi:e 16,121d
0, 0, 6, O 0
0 6 6, 6 O :
S0 6, 6, 6 O

T3
I 0 0 01 6 O
| 0 6 6, 600
T = I
06 606 6o O
0 0 6 61 69
6 O 0 6, 6,

01 6o 0 0 6
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Proximity operator computation of W(TF*.)

» Notations:
» (Ij)i<i<s is a partition of {1,..., M} in nonempty sets
» Vie{l,...,1}, M; denotes the number of elements in I;
> Ti: RM — 10, 400+ (™) mer, = X ey, ¥m(1t™)

> We have then Wo T o F* =31 T;o T; o F* where T; is the linear
operator from R" to RM associated with the matrix [tm,, -, th’,]T with
]L' = {m1, ey mM,.}.

Particular case of Periodic Convolution:
For all i € {1,...,1}, (tm)mer, is a family of non zero orthogonal
vectors such that T; o T/ = o;Id where

Eol_ Zol_ 2 q2|2 For F* o F = vId (tight-frame) and
Vie(l,...1),

FoT;

ProXy o T.op+ = Id + o (prox,,,v, —Id)o T;o F*

Conclusion

[¢]

13/22
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Proximity operator computation of W(TF*.)

Complexity:

ProXvy,.1. = Id+ T/ o (prOXDf:l@(D,--) — Id) o Di_l oT;

> If we have @ proximity operators to compute:
» Complexity of each T; and T;* : O(N)
» Complexity of ProXp-iy,(p,) : Oo(M;)
» @ proximity operators ProXey,o 7, -
O(Q(2N + M;)) = O(N(2@Q + 1))
» If we have M proximity operators to compute (when M ~ N):
» Complexity of each T; and T : O(Q)
» Complexity of ProXp -ty p.y 0(1)
» N proximity operators proxry,,7. : O(N(2Q + 1))
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Proximity operator computation of W(TF*.)

Initialization
Set v € ]0, +o0l.
Set (wj)1<j<y €]0,1])7 such that E}lzl wj=1.

Set (Uj70)1§j§J € (RK)J and § = E}jzl wjlj0-

Iterations

For£=0,1,...
Forj=1,...,J Prox. computation
| Pj,¢ = PTOXyf /. Uj e + j ¢ <« with possible errors
Pe = Z;=1 wjpj.e «— Weighted sum
Set Ay €10, 2]
Forj=1,...,J
| Ujer1=uje+ A (2pe—& — pje) < Update

| &or1 =&+ Mo (pe— &) — Update
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Considered minimization problem

Our objective

min cpx  d(TF*x,z) + ktv(F*x) + c(F*x) + ¥ f(x)
where kK >0, ¥ > 0.

» d(-,z): data fidelity term.
= No explicit proximity operator expression except when d is
quadratic.

» tv: total variation term
= Proximity operators proposed for several forms of tv.

» .c: indicator function of a closed convex set C = [0, 255]"N
= Pc.

> Vx = (x(k))lngK € RK, f(x) = Zle ¢k(x(k)) where, for
every k € {1,...,K}, ¢ is a finite function of [o(R) such
that lim), 0400 P (xH)) = 00
= Explicit form.
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Proximity operator associated to various TV discretization

Total variation of a digital image
e RMixN.

y = (yn17f72)0§n1<N1,0Sn2<N2

Ni—P1 No—P>

tv()/): Z Z ptv(()/h)nl,np()/v)nl,ng)7 (1)

n=0 npx=0

> prv € To(R?) (ex. pv() = VI P+ pee) = - [+ 1)
» H e RP*P2 and V € RP1*P2 are the filter kernel matrices

> Yom = (yn1+P17nz+P2)0§P1<P1,0§P2<P2
> (yh)nly"2 = tI‘(HT Yn17n2) and (yV)"hnz = tr(VT Ynly’72)

Proximity operator for split tv(y) = Z,'fj_o EPQ ! Vo1, (V)

» Possible when tr(HVT) =0 and ||H||2 = |[V|2 =7>0
» Examples: Haar, Finite difference, Prewitt, Sobel.
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» CPU time
Image size 128 x 128 256 x 256 512 x 512
Kernel blur size 3X3 | TXT||3x3|7TX7||3x3|7Tx7
Iteration numbers 30 50 41 50 50 50
CPU time (in sec.) || 117.2 | 633.0 || 411.7 | 1298 | 1458 | 4514

» High computational time due to the number of F and F* to

compute at each iteration.
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PPXA mineerx S7; fi(x)

A
For £=0,1,...

Forj=1,...,J

L Pje=prox,g ., uje + aj¢

Pe = Zf:1 WiPj.e

Set Ay € ]0,2[

Forj=1,...,J

L Ujer1 = tje+ A (2 pe— X0 — pje)
Xep1 = x¢ + Ae(pe — xe)
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PPXA miners 30 &(F) + Y7 g1 (%)

A
For £=0,1,...

Forj=1,...,S

L Pjt = proxu’y/wjgjoF*(uLf) +aje

Forj=S+1,...,J

L pie = ProxX,s Ui+ aje

pe=37_1wipje

Set Ay € ]0,2[

Forj=1,...,J

L Ujerr =ujr+ X (2 pe—xe— pjie)

Xep1 = x¢ + Ae(pe — xe)
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. S *
PPXA  mincerx Y0 gi(FX) + Yisyq fi(x)

r-.......... |
For £=0,1,...

Forj=1,...,S

L pe= uety F(orox,, e (Frue) — Fruje) +  aje

Forj=S+1,....J

L pie - PrO%yti /it +aje

Pe =) i_1WjPje

Set Ay € ]0,2[

Forj=1,...,J

| ujeri=uie+Xe (2pc—x0e— pje)

Xep1 = x¢ + Ae(pe — xe)

» Large number of F and F* to compute
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. S *
PPXA  mincerx Y0 gi(FX) + Yisyq fi(x)

For¢=0,1,...
Forj=1,...,S
L Fpie = Fruje + 5 FF(Drox,, g (F uje) — Fruje) + Fraj
Forj=S+1,...,J
| P T PTOX.y £/ Uj e + 3
Pe=2j-1 wj
Set A\, €]0,2[
Forj=1,...,J
L jerr = wje+ A 2[pe] = xe = [pj])
| Xer1 = xe + Ae((pe] — xe)

» Decompose as pj, = Fqj, + pﬁ
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Accelerated PPXA

A
For £=0,1,...

Forj=1,...,S

L gje= %prOXl/’Y/wjgj Vi + aje

Forj=S+1,...,J

L pjg;pI‘OX,Y/wa_,[—f—aj,

Pe =) 71w JngFZJ 1quJ,€+Z —54+1WiPj¢

re =2 pe— X = F*r; r;—rl——F}
Set A\, €]0,2[
Forj=1,...,S

{ “jL,z+1 = ”jL,z + Ag (7 — “ﬁz)
Vier1 = Vie+ Ao (e — vaj )
Forj=S+1,....J
L Ujer1=uje+ e (re — pje)
[ Xe41 = x¢ + Ae(pe — x¢)
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Image size 128 x 128 256 x 256 512 x 512
Kernel blur size 3><3‘7><7 3><3‘7><7 3><3‘7><7

Iteration numbers 30 50 41 50 50 50
CPU time (s) 117.2 | 633.0 || 411.7 | 1298 || 1458 | 4514

CPU time 13.53 | 29.82 || 60.59 | 89.48 || 263.6 | 405.0
acc. version (s)
Gain 8.67 | 21.2 6.79 | 145 5,53 | 11.1

Table: Comparisons between PPXA and its accelerated version.
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Conclusion

» Adaptation of PPXA for a large class of image recovery
problems.

» Convergence of accelerated PPXA.

» Parallel implementation of PPXA / acc. PPXA on 8 core
processor with OpenMP

» Future work: GPU implementation
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