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Mean Field Games (MFG)3: Static example

e N players choose their positions on a set () (compact).

P(Q) is the set of Borel probability measures.

o They minimize their distance to a place P € Q).

Players are congestion-averse.

@ The cost of player i can be modeled by

fi(xl,.‘.,xi,...,a:N):a\xi—P|—%Z}mj—xﬂ
J#i

1
Ia\xi—P|—ﬁ/|$—Ii\d mE:éﬂw
Q j#i

1
= f T, ﬁ ;dm‘j
J#L

3J.—M. Lasry, P.-L. Lions. Mean field games. Jpn. J. Math. 2007
M. Huang, R. P. Malhamé, P. E. Caines. Large population stochastic dynamic games.
Commun. Inf. Syst. 2006.
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e Suppose that for each N, (zV,...,zY) is a Nash
equilibrium of the previous game, i.e., for every
ie{l,...,N},

1

—N

(Vr; € Q) f |z Za <f xﬁZ%N
J#Z J#i

@ Then, 3m € P(Q) such that, up to some sub-sequence,

| N
*
N Z ™
@ The equilibrium 7 satisfies the fixed point equation

supp(m) C argmin { f(z,m) | x € Q}.



Dynamic & deterministic case

o Differential game with N players, where Player ¢ minimizes

T 10812
/ le@®I” z_]a)) dt+g | z:(T Z(S 2 (T)
0 1 .}#7

2
st @i(t) = at) vt € (0,17,

+ £ (@t

o Suppose that (zIV,...,zY) is a Nash equilibrium and that
1 & )
i=1
Then for each ¢ € [0,T], 3m(t) € P(Q) such that
1 & )
¥ 2 e = m(b)
i=1
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Dynamic & deterministic case

@ Any equilibrium m solves the MFG system

U 2
(HJIB) — O+ |v2| = f(z,m(t))

u(x, T) = g(:L’, m(T)),
(FP) 0Oym —div(mVu) =0,

m(0) = my.

o At (z,t) the solution u of the HJB equation is given by

T Ta(s)?
u(z,t) = inf/t [l()l + f(z(s),m(s))| ds + g(x(T), m(T))

a 2
st. Z(s) = als) Vs e (t,T),
x

(
x(t) =
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Dynamic & stochastic case

/O [04(;)2 +f( ]# xj(t))} dt+g (azl Z(SxJ(T))

J#i
st dxzi(t) = a(t)dt + cdW;(t) vt € (0,717,

As before, ~ 3N 0z (4 — m(t) which now solves (¢ € [0,T], = € Q):
MFG

o~ % au+ 2L — g i)

u(z, T) = g(z,m(T))
2
om — %Am —div(mVu) =0

m(0) = mo

v




Stationary MFG
@ The ergodic counterpart of M FG is (z € Q)

Stationary MFG (SMFG)
o [Vul?

A =
ghut g A=)

——Am div(mVu) =0,
/u(ac)d:vz , m>0, /m
Q

e The solution (u,m,\) of SMFG describes the long time
average of solutions (u”, m”) of MFG as T — oo 4

4P. Cardaliaguet, J.-M. Lasry, P.-L. Lions, A. Porretta, Long time average of mean field
games with a nonlocal coupling, SIAM J. Control Optim., 2013
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Stationary MFG with local couplings

o In this talk we focus on local interactions
f(x,m) = f(z,m(x)).
o We set Q = T? and v = 02/2.

@ We study numerical methods for solving

SMFG
_vAu(z) + %|Vu(3:)|2 + )= f(z,m(z)) inT
—vAm(z) — div(m(z)Vu(z)) =0 in T?
m >0, m(z)dr =1, / u(z)dz = 0.
T2 T2 |




Discrete SMFG
DSMFG (Achdou & Capuzzo Dolcetta, 2010)

1 —
—v(Apul);j + §|[Dhuﬁ]i7j|2 S = f(l'i’j,m?;j) V0<i,j <Np—1
—V(Ahmh)m = (divh(mh[Dhuh])) = 0 V0<ij<N,—1

Z'7

h 2 h h
’mm- Z 0, h me = 1, ZUZJ =0.
%,J %,J

L h > O, Nh = 1/h, Mh — RNhXNh’ Wh — R4(Nh><Nh).
° [Dhu]i7j=((D1U);j,*(Dl’u);‘il’j,(Dgu);j7—(D2u)7‘i’j71)€R4’ where
= Wil U o Wig41—Uiy
(Dlu)i’j T %’ (DZU)Z,] = %
e Ay and divy, are linear operators defined by
(Anm)i ji=— (4mi j—mig1,—mi1,;—mij41-mi ;1)

(dth(w)) iyj5:(D1w1)i—1,j+(D1w2)i,j+(D2w3)i,j71+(D2w4)i7j'
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SMFG discretization

o If v > 0, f(z,-) is increasing and we suppose that the
stationary system admits a unique classical solution, in
Achdou, Camilli & Capuzzo Dolcetta (2013) the convergence
of DSMFG (unif-L?) to the unique solution to the stationary
system as h — 0 is proved.

o To solve the discretized system, Newton’s method can be
used (Achdou & Capuzzo Dolcetta, 2010; Achdou & Perez,
2012; Cacace & Camilli, 2016) if the initial guess is close
enough to the solution.

o The performance of Newton’s method depends heavily on
the values of v: for small values of v the convergence is
much slower and cannot be guaranteed in general since m”
can become negative.
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Variational Approach

2
lel” if m>0;
Jo fl@m/)dm!,  if m>0;
b(m,w)= 4 0, if (m,w)=(0,0);  F(z,m)= )
. +o0, otherwise.
+oo, otherwise,

The SMFG is (formally) the FOC of the optimization problem
Optimization Problem (P)
inf [ [b(m(z),w(z))+ F(z,m(z))]dz

maw Jp2
ot —vAm(z) + div(w(z)) =0, in T?
Jp2 m(z)dz = 1,

where u and A are Lagrange multipliers and w = —mVu (see
Lasry & Lions, 2007).
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Goal of this talk...

e Provide variational formulation (Pj) of DSMFG (Achdou
& Capuzzo Dolcetta, 2010) in order to propose numerical
approximations of the SMFG.

@ Review of proximal splitting methods for solving (FP).

o Benamou & Carlier (2015) and Benamou, Carlier & Santam-
brogio (2017): FE discretization of the dynamic MFG via
Augmented Lagrangian method (ADMM) case v = 0.

o Andreev (2017): ADMM with preconditioners for v > 0 in
dynamic case. Another discretization.

o Papadakis, Peyré & Oudet (2014): optimal transport (F' = 0)
and v = 0 with centered grid.

o Connect first-order methods and fixed point iterations.

o Propose a new projected proximal splitting method for
solving (F,).

o Numerical experiments.
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Optimization Problem (F})

Discrete optimization problem (FP},)
Np—1

inf A2 [z} owis) + Fzis, l]
(m,w)enjt/lhxwh Z (m 2] w,j)“‘ (l‘ j m’])

b
¢ —v(Apm);; + (divaw);j =0, V0 <4,5,<Np—1
s.t.
h2 Zi,j mm- =1.

o —vA,: My — My, and divy,: Wy, — M), are linear.
o b: R x R* is given by

2
ﬂ’ ifm>0wekK,
;. 2m
. (maw) = 07 if (m, U}) = (07 0)7
+o00, otherwise.

o K =Ry xR_ xRy xR_.
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Existence of solutions to (P,)

Qualification condition

There exists a feasible (m,w) € Mj, x W), such that
w € int(K), m;; >0V (i,7).

Existence (BA-Kalise-Silva, 2018)
For any v > 0 we have

@ (Pp,) admits at least one solution and the optimal costs are
finite.

@ Let (m”,w") be a solution to (P,). Then, there exists
(ul, A\?) € My, x R s.t. DSMFG holds (w" = m"[Dyu")).

Proof: Qualification condition implies the existence of
Lagrange multipliers. DSMFG follows from FOC.
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(Py)’s structure

e Assume f(x,-) increasing (F'(z,-) convex).
° p: (mw)— E” ¢ij(mij,w; ;) where, VO <i,j < Np —1,

i j(mij, wiz) = b(mij, wi ;) + F(xi;,ms ;) is proper,
convex, l.s.c., non-smooth.

o Denote —vA;, = A and divy, = B.
Reformulation of ()

min m, w
(m,w)EMhXWhSO( ’ )

st.  E(m,w)=(0,1),

[1]

where A B
TRt oo”
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(Py)’s structure

Reformulation of (Py,)

min m, w
(m,w)EMhXWhSO( ’ )

st.  E(m,w)=(0,1).

e (Py) is equivalent to

Bt Sl S )|

—_
—
-

(Split) {f/ = H(o,1)} or (Unsplit) {77[% i ;(51‘_1(0’1)
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© Splitting algorithms: review
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@ Numerical experiences
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General convex optimization problem

Problem (P)

minimize ®(z),
zeRN

assuming that solution set Z # &.

o &:RY - R:=RU{+o0}is
o convex : (Vz,y € RV)(VA € [0,1])
Dz + Ay — 7)) < B(x) + \(B(y) — B(x)).
o lower semicontinuous (l.s.c):
(Vz € RN) &(x) <liminf,,, ®(y).
e proper: ¢ is not always +oo and never —oo.

e Functions satisfying above conditions constitute the class
o(RY).
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Problem (P)

minimize ®(z)
zeRY

o & is convex differentiable and V& is y-Lipschitz.
[Ve(z) — Ve(y)ll < xllz -yl

Optimality conditions
x* is a solution to (P) < 0= Vo(z*). J

e Equivalent to, for every v > 0, z* = 2* — 4yV®(z*).
e Equivalent to, for every v > 0, z* is a fixed point of

Gradient operator

Grox =2 —YVP(x).
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e We can approximate solutions to (P) via fixed points
iterations of the operator G, i.e.,

Gradient method
zo € RV, Tnt1 = GyoZn = Tn — YV O(24). J

e When the operator G4 is good enough for obtaining
convergence ?
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e We can approximate solutions to (P) via fixed points
iterations of the operator G, i.e.,

Gradient method
zo € RV, Tnt1 = GyoZn = Tn — YV O(24). J

e When the operator G4 is good enough for obtaining
convergence !

o & B—strongly convex (® — | - [|?/2 convex), 0 < v < 2/x:

Contraction

HGF%I):E - G’y<1>y|| < 'f'”.’E - y”

o r=max{|l - 7B, [l x|} <1 7" =2/(B+Xx)
o Banach-Picard (linear convergence to unique solution).
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® is smooth

e We can approximate solutions to (P) via fixed points
iterations of the operator G, i.e.,

Gradient method
zo € RV, Tnt1 = GyoZn = Tn — YV O(24). J

e When the operator G4 is good enough for obtaining
convergence !

e 0<y<2/x:

Averaged nonexpansive

L—p
|G —Crayl2 < lo—y|2— (M> 14— Ga)a—(Td— Gy )y?

o 1 ="x/2
o Convergence O(1/k) to a solution.
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® is smooth

e We can approximate solutions to (P) via fixed points
iterations of the operator G, i.e.,

Gradient method
zo € RV, Tnt1 = GyoZn = Tn — YV O(24). J

e When the operator G4 is good enough for obtaining
convergence !

o Variants with v, yields O(1/k?). (Nesterov, 1983)



Example Grad: 7= 0.2 € ]0,2/x]
o &: (z,y) — 0.32% + ¢?
o V&: (z,y) — (0.6x,2y)
e x=2,06=06




var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton0'){ocgs[i].state=false;}}




Example Grad: v = 0.999 € ]0,2/x]|
o &: (z,y) — 0.32% + ¢?
o V&: (z,y) — (0.6x,2y)
e x=2,06=06

&
R e UGS COUUt s




Example Grad: v =~* € ]0,2/x]
o O: (z,y) > 0.322 + 3>
o V&: (z,y) — (0.6x,2y)
°x=2p3=06,7=2/(B+x)




® € I'h(RY) is non-smooth
Problem (P)

minimize ®(z)
zeRY

0%: x> {ue RV | (vy e RN) ®(z) +uT(y—2) < B(y)}

al-1(0) = [-1.1]

Optimality conditions
x* is a solution to (P) < 0 € 9P(x*). J
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® € I'h(RY) is non-smooth

Problem (P)

minimize ®(z)
zeRN
v

Optimality conditions
x* is a solution to (P) <« 0 € 0®(z").

e Equivalent to, for every v > 0, z* € * + y0®(x*).
o Equivalent to, for every v > 0, x* is a fixed point of

Proximity operator

prox,g = (Id + y0®)~': z — argm]\i[n 12 (y) + 3lly — ||
yeR

e prox,, = Pc.



® € I'h(RY) is non-smooth

e We can approximate solutions to (P) via fixed points itera-
tions of the operator prox,q, i.e.,

Proximal point algorithm (PPA)

N
g ERY, xpi1 = prox,yq)(xn).

o When the operator prox,q is good enough 7 Always (for
every v > 0) (Martinet 1970-72; Rockafellar 1976).
o @ B—strongly convex: prox.q contraction (r fwﬁ <1).
o In general, it is averaged nonexpansive (1 = =). O(1/k).
o Variations considering ~; yields O(1/k?) (Giiler 1992).

N



Example PPA: v =1
o &: (z,y) — 0.32% + ¢?

° prox,g: (z,y) — (z/(1+0.67),y/(1+27))
e x=2,06=06




var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton1'){ocgs[i].state=false;}}



Example PPA: v = 100
o &: (z,y) — 0.32% + ¢?

° prox,g: (z,y) — (z/(1+0.67),y/(1+27))
e x=2,06=06

R
&%
AN
QR
Rk

R
R
S
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Our case: =p+1ol

Problem (P)

minimize ®(z) = ¢(x) + ¢ (Lx)
zeRN

o Lagrangian approach: Solve

min o(z) +¥(y)

Augmented Lagrangian

Le(z,y,u) = o) + (y) +u' (L —y) + §[|Le — y|?
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Our case: ®=p+1yYo L

e Under qualification conditions x solves (P) iff (z, Lz,u) is a
saddle point of L., with ¢ > 0.

o Alternating minimization-maximization of £. we obtain:

ADMM (Glowinski-Marrocco 1975; Gabay-Mercier 1976)

2* = argmin, L. (z, y*, u¥)
= argmin,, {go(x) +u* T Lz + gHLx — yk||2}
Yl = argminyﬁc(mkH, Y, uk) = proxw/v(uk/’y + kaH)

WL = o oy (Lt — g,

@ Problem: The first step is not easy to compute in general.

e Predictor-corrector proximal multiplier (PCPM) splits with
additional multiplier update (Chen-Teboulle, 1994)

33/ 51



Our case: =p+1ol
Problem (P)

i D) — lla) A vl

Fenchel-Rockafellar duality yields:
Problem (D)

: *_LT + *
ity (=l w5 )

Fenchel conjugate

Y*ru sup (u'v—9(v))
veERM

o ¥ € Ty(RM) & ¢* € To(RM)
o OY* = (9y)~!
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Our case: ®=p+1yYo L

Under qualification conditions, we have

z solves (P) & 0€dp(x)+ LT op(Lx)
& (Buedy(Lz)) 0€dp(x)+LTu

o (@uerM {Lxe (0¢)~tu = 0Y* (u)

0€dp(x)+LTu
N HUGRM 0 € OY*(u) — Lx
0 € dp(z +LT

* Bl )l Sl

M X S

o

35/ 51
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Our case: =p+1ol

v = [l 2L 510

e for some u solving (D).

36/ 51
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Our case: =p+1ol

v = [l 2L 510

———— —
M X S

>

e for some u solving (D).
o M(z,u)=0¥(z,u), where ¥(x,u) = @(x) + " (u). v

36/ 51
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Our case: ®=p+1yYo L

v = [l 2L 510

———— —

W
~

e for some u solving (D).
o M(z,u)=0¥(z,u), where ¥(x,u) = @(x) + " (u). v
e S # VG... but it is maximally monotone:
(SX —SY)"(X —Y) >0 and continuous.
For a monotone operator S, we have:

Resolvent

Jys = (Id +~8)7" ( Explicit operator
L G,s =1d — S

36/ 51



Our case: =p+1ol
Splitting approach:
® Jym = proxX,g: (z,u) — (Prox,, o, ProX. ,-u)
o Gys=1d—4S: (z,u) = (v —yL u,u+vLx)
Mon.+Skew (BA-Combettes 2011)
Let 0 <+ < ||L|| 7%, zo € RY and ug € RM and iterate
P1;n = ProxX,,(#n — 7L uy)
P20 = ProX. o« (Un + yLy)

Tnt1 = Pim — V(L P2 — L uy)
Un+1 = P20 = 'Y(Lpl,n - L$n)

Then (2, u,) — (Z,u), where Z solves (P) and @ solves (D).

o If ¢ & 9* strongly convex: linear conv. (Tseng 2000).

37/ 51
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Our case: ®=p+1yYo L
Problem (P)

min ®(z) = p(x) + ¥(La)

zcRN

Equivalent to (Condat-Vu, 2013 & He-Yuan, 2012)

ol = (% o] =1 S [

~—~—~
A=M+S e

@ J4 is not explicit !

38/ 51
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Our case: =p+1ol
Problem (P)

min ®(z) = p(x) + ¥(La)

zcRN

Equivalent to (Condat-Vu, 2013 & He-Yuan, 2012)

ol = (% o] =1 S [

~—~—~
A=M+S X

@ J4 is not explicit !
o Set U = 0 symmetric and (X | V), = X 'UY.
o(U'TAX -U'AY | X -Y), = (AX - AY) (X -Y).

e U1 A is monotone under this metric: PPA.

38/ 51
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Our case: =p+1ol

Specific U allows Jg;-1 4 explicit:
Chambolle-Pock (2011)

z0,Zo € RY and ug € RM, 7, > 0 such that || L||?> < 1

il = prox,,(z" — TLTu™)
™t = ProX. - (u” + yL(2z™! — ™).

Acceleration (Chambolle-Pock 2011):
o  and ¥* strongly convex: linear convergence

e  or ¢* strongly convex and 7y, Y ||z — ¥ < C/k.

39/ 51
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(Py)’s structure

Reformulation of ()

min m, w
(m,w)EMhXWhSO( ’ )

s.t.  E(m,w)=(0,1),

(B, min o @(m,w) = p(m,w) +é(L(m,w)

V= o)) Y == 0,
Split ’ Unsplit ’
(pl){ ! or (Unsplit) I 1

— =

All previous methods implement the dual variable update

n—+1

u"" = prox, . (u" +yLa").



Split /unsplit approaches
“Split” decomposition:
® ¢ = 1(0,1)}, ProxX,y« =Id —(0,1), and L = E.

@ Then, all previous methods include a Lagrange multiplier
step of the form

uF = uF 4 (32F — (0,1))

e The primal iterates (zx)ren are not feasible !
e Very slow...
“Unsplit” decomposition:

® ¢ = 1(=-1(0,1)} and for computing prox,,. or prox,,, we
need to invert Z=* (more precisely v?AA* + BB*).

@ Depending on the parameter v, this matrix can be very
bad conditioned and difficult to invert.



Projected Chambolle-Pock splitting®

We avoid matrix inversions along with ensuring primal iterates
to satisfy some of the constraints.

Projected Chambolle-Pock (PCP)
Let m9 € H, uo € G and o7|L|? < 1.

Pntl = proxw(a:n — 17L*uy)
(¥n € N) il = JE Bt

Upt1 = PrOX,ys (un + 0 L(Tpt1 + Pyl — Tn))-

() gen C C converges to a point in ZNC = Z.

o In particular, we use C as the mass constraint.

e (' can change deterministically/randomly among iterations.

Swith J. Deride, S. Lépez Rivera, and C. Vega



Split/Unsplit
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prox., computation

e In all previous methods we need to compute prox,, (m,w).

©
o Recall that ¢: (m,w) — >, ¢ ;j(mi;, w;;), where
Gij: (1 w) = b(p,w) + Fij(p) and Fyj = F(zij, ).

o We have proxw(m,w) = (proxwi’j (M, wij))i -
Prox computation

(0,0), if m < ~yF'(0);

prox.4: (p,w) — . . )
7 {(p p* Pgw/(p* +7)), if m > yF(0),

where p* > 0 is the unique solution to

(p+~F'(p) —m)(p+7)° — %|PKw|2 = 0.

e We extend prox in Papadakis, Peyre & Oudet (2014) used
in the context of optimal transport (we include F' and K).



Split/Unsplit
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Algorithm

Denoting ¢ = by + F, A = —vAy, B = divy, the classic CP
splitting reads :

(u
:
(s

M\ WP+ (AmF 4 BaP)
ML) AN (B2, mb s — 1)

k+1 mk o (AT k+1 4 h2)\k+11)
k+1 | = PIOX,, wk — BT yk+1

E+1 omktl _ ok
kE+1 | — 2wkt — ok

but primal iterates do not satisfy any of the constraints, which
extremely affect the speed of the method.



Split/Unsplit
[e]e]e]e] )

Algorithm
Imposing, the constraint [m = 1 the PCP reads

WP uP 4 y(AmP + Buwk)
AL AN (B2, mp = 1)

nkJrl m _ (AT k+1+h2Ak+11)
,Uk+1 :prOX'rap k _ BT k+1

w

mFtT _(1+ (nktl — 1 Z A nfjl)
,wk+1
ML\ (mktl 4 nk+1 _mk
WF L) T\ kL kL gk
which is much faster, and any of the primal iterates satisfy the

imposed constraint. By including splitting, we do not need any
matrix inversion.



Numerical experiences
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Test 1

We consider the first-order stationary MFG system
(Almulla-Ferreira-Gomes, 2015)

1
§|Vu\2 — A =logm — sin(27z) — sin(27y),

div(mVu) = 0, mdzr =1, / udzr = 0,
T2 T2
with explicit solution

w(z,y) =0, m(z,y) = @) tsin@my)=x

A = log </ esin(27r;v)+sin(27ry)dl,dy> )
T2



Numerical experiences

[o] Jele]ele]

Exact mass m(x,y) Test 1 o MS.SP
1 —+— PCPM-SP
10 CP-SP
——MS-U
—&— PCPM-U
., CP-U
10 —w—O(DoF)
g
2 10°
3
10*
10°
10° 10*
DoF
10* 10
—e— MS-SP —a— MS-SP
—o— PCPM-SP
SP
—e— MS-U
w0 10% | —e— PCPM-U
CP-U
= 10 = 10
5 &
10! 10
10° 10? 5 4 3 2 1
10° 10* 10 10 10 10 10
Ly error

DoF

a7/




Numerical experiences
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Test 2: Comparison with ADMM

1 _
Flay,m) = 5 (m — m)
where m is centered gaussian density.

Test 2 m(x, y) Iterations with h = ﬁ
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Concluding remarks

Also done:

o We tackle the more general case H: (z,p) — |p|? /¢ for
q>1.
o We also present 2 additional tests.

o Test 3: We include hard density constraints in some regions.
o Test 4: We vary ¢q # 2.

@ Dynamic case.
In preparation:
@ More general Hamiltonians, congestion, non-local
couplings.
@ Other efficient projection configurations for avoiding
matrix inversions.
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